Associativity

In mathematics, associativity is the idea that sometimes we don’t need brackets. If the operation of
addition is associative, we can write a+b+c without having to specify whether we mean (a+b)+c or
a+(b+c), because the result is always the same.

The numbers a,b and c could be points on an elliptic curve. One can add points a,b on an elliptic
curve as follows. Draw the line through a,b and mark the third intersection with the orange curve to
be —(a+b). For the elliptic curve in Associativity the point a+b is then found by drawing a vertical line.

The vertical line is a line through a special point, O, at vertical infinity. This point O is a point that is
on the orange curve, on the union of the blue lines, and on the union of the red lines. If we add b to
c we find two more points, -(b+c) and b+c, so that we now have 8 points in total, namely

0, g, b, ¢, -(a+b), a+b, -(b+c), b+c.

These 8 points are on the orange curve, on the union of the blue lines, and on the union of the red
lines lines. A ninth point, -((a+b)+c), is the third intersection of the blue line through a+b and c and
the orange curve. By the Cayley-Bacharach theorem, cf. Eight implies nine, this point must also be on
the union of red lines. Similarly, the point -(a+(b+c)) is on the union of red lines and on the orange
curve. By the same theorem it must also be on the union of blue lines, and, as there can be at most 9
intersection points, the two points must coincide. Hence (a+b)+c=a+(b+c), i.e. the addition on our
elliptic curve, as defined above, is associative.



