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Abstract
In this letter we propose a systematic approach for detecting and calculating
integrals and preserved measures of rational maps. The approach is based on
the use of cofactors and discrete Darboux polynomials and relies on the use of
symbolic algebra tools. We show, in three examples, how to use this method
to detect and determine integrals and preserved measures of the considered
rational maps.
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1. Introduction

The search for integrals and preserved measures of ordinary differential equations (ODEs) has
been at the forefront of mathematical physics since the time of Galileo and Newton.

In this letter our aim will be to develop an analogous theory for the (arguably more general)
discrete-time case. This will lead to essentially linear algorithms for detecting and determin-
ing preserved measures and first and second integrals of (discrete) rational maps (both integra-
ble and non-integrable). But before we consider the discrete case, let us look at the continuous
case, i.e. ODEs.

Consider two polynomials Py and P,. Then I := Py /P, is a rational integral of the ODE

& — f(x)if
PP, — PP, =0

4 Author to whom any correspondence should be addressed.
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along solutions of the ODE. Here ¢ denotes %. For a polynomial ODE, the problem of finding
Py and P», as posed, is bilinear in the coefficients of the polynomials Py, P;.

1.1. Darboux polynomials (ODE case)

A very nice introduction to Darboux polynomials for ODEs was given by Goriely [6]. Darboux
polynomials were already studied by Darboux, Poincaré, Painlevé and others, see [6], and are
also known by several other names, including ‘second integrals’ and ‘weak integrals’.

Let P(x) and C(x) be polynomials. Then P(x)is called a Darboux polynomial of the ODE

‘é—’l‘ = f(x), where f is polynomial, if

P(x) = C(x)P(x),
along solutions of the ODE. Here C(x) is called the cofactor of P. Note that P(x(0)) =0

implies P(x(#)) = O for all #. Hence the set P(x) = 0 is an invariant set in phase space.
Consider two Darboux polynomials with the same cofactor C:

P=cCP, d <P1> _ P\P,— PP, CPP,—P\CP, o W

. = — | — =
P,=CP, dt \ P, P3 P3

i.e. the ratio of two Darboux polynomials with the same cofactor is a rational integral. The
converse is also true. However, finding C, P; and P, involves one bilinear problem, plus one
linear problem.

More generally,

Pr=CpP __d . .
. = —(P1Py) = PP PP, = (C Cy)PPs. 2

1.2. Discrete Darboux polynomials (mapping case)

Instead of polynomial ODEs & = f(x), we now consider rational maps X,+1 = ¢(x,) (see [4,
5]). Then we define P(x)to be a discrete Darboux polynomial of the rational map x,,+1 = ¢(x,)
if

P(X,41) = C(x,)P(X,), 3)

where the cofactor C is now a rational function whose form will be presented in section 1.3.
We use the shorthand notation

P =CP.
Note that, similarly to the continuous case, P(x) = 0 is an invariant set in phase space.
Now consider again two discrete Darboux polynomials P, and P, with the same cofactor C:

Py =CP, __P| P

P,=CP, "~ P, P,
i.e. the ratio of the two discrete Darboux polynomials with the same cofactors is again an
integral (and the converse is also true). More generally

P, = CP

= (P1Py)' = C\Cy(P\Py).
P, = CyP, (P1P>) 1C2(P1P2)
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How is all this going to help us find integrals of a given map? The answer comes in two
parts:

1. In the discrete case we use a non-trivial ansatz for the cofactors C(x).
2. In the discrete case the cofactor of the product is the product of the cofactors.
In the continuous case the cofactor of the product is the sum of the cofactors.

The latter point is crucial: it means that in the discrete case we can use the fact that the fac-
torization of the cofactor C is unique. By contrast, in the ODE case we have addition, where
splitting into summands is not unique.

1.3. Ansatz

Given a rational map ¢ with common denominator

D(x) = HD;” (x)

J=1

and Jacobian determinant

-
sx) = Uz K700,
[1=1 D (%)
where the K;(x) are [ distinct factors>, we try all cofactors (up to a certain polynomial degree
d) of the form

'7’ (4)

where fj, g; € No.
Comments:

1. For the finite number of cofactors of degree <d, we only need to solve the linear problem
(3) to determine the corresponding Darboux polynomial P (up to a chosen degree).

2. If C(x) = J(x), the corresponding Darboux polynomials are (inverse) densities of pre-
served measures.

3. Note that we include +1, -J in the list of potential cofactors to be examined.

The above approach is particularly useful for maps for which no other systematic method is
known to derive integrals, prime examples being Kahan maps [2, 15] and dual maps [16]. In
the remainder of this Letter we therefore study two maps that arise as Kahan—Hirota—Kimura
(KHK) discretizations of quadratic ODE:s (in section 2.1, resp. section 3) [9, 11], plus a third
map that arises as the reduction of the dual AKP equation (in section 2.2) [19].

For any given cofactor, of the form (4), the equation (3) gives rise to a system of equa-
tions that are linear in the coefficients, c;, of the discrete Darboux polynomial P, and may
also depend on the parameters ¢ in the mapping through both x,,,; and C(x,) in (3). One can
either treat the resulting system as a linear system to determine the c; (as we do e.g. in sec-
tion 2.2) or solve the (nonlinear) system to simultaneously determine the ¢; and detect the «;
(as we do in section 3). In this paper we use standard Maple routines to perform both kinds
of computations.

3 Factorisation is carried out over the field implied by the coefficients of the map ¢.
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2. Determining preserved measures and first and second integrals of rational
maps

In this section, we study two examples of discrete maps for which we use the ansatz of sec-

tion 1.3 to find their preserved integrals and measures.

2.1. Determining measures and integrals of a 2D Lotka—\Volterra system

In this sub-section we study the following two-dimensional ODE as an example:

dx

i x(x+ 6y —3)

dy

— =y(-3y —2x+3).

dr 5)
The KHK dlscrj/tliat)lc(eil g_f ﬁa ggaélys Lsgej [‘Z@,@,Q—éxb 15])

D(x)
o y(1+h(3—2x—3y) + 22 (1 = 2y))
y =
D(x) ©6)
where the common denominator D(x) of the map is given by
h2

D(x):=1-— Z(9 — 12x — 36y + 4x* + 12xy + 36y%). (7

The Jacobian determinant J(x) of the mapping (6) is
o K] (X)Kz(X)Kg, (X)

J(X) - D3 (X) (8)

where
3.2
Ki=1+h(x—3y)— Zh (3 —2x— 6y)
3
Ky =1+ h(x+ 6y —3) + Zh2(372x)
9
Ka = 1+h(3=2x=3y) + 2h2(1 - 2). ®)

‘We have used cofactors C; = %, Cy, = %, C; = %, C4 = J to find the corresponding discrete
Darboux polynomials for the map (6):

pi1=x+3y—3

P21 =X

P31 =y

pay =xy(x+ 3y —3)
hZ
Paz =1 — (9 — 120 = 36y +4x" + 121 + 367°). (10)
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Figure 1. Phase plot for map (6), for h = .

Here, and in section 2.2, p; ; denotes the jth Darboux polynomial corresponding to the cofac-
tor C;.
A phase plot for the map (6), clearly exhibiting the linear Darboux polynomials p j, p2.1,
and p3 j, is given in figure 1.
It follows that the map (6) preserves the integral
~ xy(x+ 3y —3)

I(x) =
(x) 1— (9 — 12x — 36y + 4x2 + 12xy + 36)?2) (1

and the measure
dxdy
h? 2 2) " (12)
— 79— 12x — 36y + 4x? + 12xy + 36y?)

Taking the continuqm limit &7 — 0, we obtain the cofactors C 1 =x— 3y, 6‘2 =x+ 6y —3,
C3; =3 — 2x — 3y, C4 = 0, and the corresponding Darboux polynomials

pri=x+3y—=3, poi=x, ps1=y, pa1=xy(x+3y—3), par=1

It follows that the ODE (5) preserves the integral

I(x) = xy(x + 3y — 3) (13)
and the measure
dxdy. (14)

It thus turns out that our original ODE (5) is Hamiltonian, with H(x) = xy(x + 3y — 3).
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Interpreted conversely, one can say that the KHK discretization (6) preserves the three
affine Darboux polynomials of the ODE (5), as well as the modified integral (11) and the
modified density (12). These results are no coincidences.

Indeed, the preservation of the three affine Darboux polynomials is the consequence of the
following theorem (whose proof is presented in appendix A).

Theorem 1. The KHK discretization preserves all affine Darboux polynomials of a given
quadratic ODE.

But there is more to be said. Looking at equations (8)—(10), one notices that to each aff-
ine Darboux polynomial (x + 3y — 3, resp. x, resp. y) there is a corresponding factor in the
numerator of J(x) (viz. Ky, resp. Ky, resp. K3). This again is no coincidence. Indeed, the latter
fact is a consequence of the following Theorem (whose proof is presented in appendix B).

Theorem 2. Let ‘é—’t‘ = f(x) be a quadratic differential equation in 1, 2, 3 or 4 dimensions,
that possesses an affine Darboux polynomial P(X). Then the numerator of the discrete co-
factor of P in the corresponding Kahan map x' = ¢,(x) is a factor of the numerator of the
Jacobian determinant of ¢y

Theorems 1 and 2 are a very significant step towards the full resolution of the open problem
posed in 2002 in [13]: “‘How does one preserve more than n — 1 integrals and weak integrals
(of an n-dimensional vector field)?’

The preservation of the modified integral and measure is an example of a general result
in [2] giving a modified integral for all systems with a cubic Hamiltonian in any dimension.

2.2. Determining measures and integrals of a 9D dual AKP-reduction

In [19], Van der Kamp, Quispel and Zhang derived a dual AKP equation. Here we consider its
(1,2,4)-reduction, given by the 9D map:
{x{_x,url 1§l<8

1
2 2
/oy [ X7 X4 X6Xg @ [ XsXxg X6 X7 X XeX7X8 aa [ XaX7X8 X6X9
x9——(——— G2 - ) o M 4 G (2 e )

a3 \ X4 X3Xs5 a3 X3 X4X5 X4X3X5 asz X4X3 X5

where o, an, as, g are parameters. Its Jacobian determinant is J(x) = % We have used
cofactors

X7 X8 X6Xg

CGx)=—, Gx== GKX=—

X4 X3 X3X5

to find Darboux polynomials. Seven of these are listed below.
P1,1(X) = apxzx7xs + (—x3x62 - x42x7) o + (X1X6X3 + X2X4X9) Q3 + QaXpX3Xs

P1,2(X) = X4XeX5

2.2 3 2 2 2 2
P2,1(X) = — x47X6 01 X5 + X5”apXaXe + (X1X5X6 X7 + X2X3X6X7" + X37X4X7X8 + X3X4 x5x9) Qas

2 2.2 2.2 2
+ (XZXS X6X7 + X3°X6"X7 + X3X47X77 + X3X4X5 xg) 7]

Paa(x) = (—163964)663 — X3X57x7 — x43x6x7) o) + <x3x52x62 + x42x52x7) Q3

2 2 2 2
+ (X1X4X6X7 “+ XoX3X5X7X8 + X3 X4X()XQ) a3 + ()CQX4X5X7 + X3 x5x6xg) QY
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P23(X) = X3X7X4X5X6

P31 (x) = (—xoxaxsxexs” + xoxs x6xs — x37xax5x728 ) 1?4 (X233%6°%7 — X024X5 XX + X3x47X7x5) vy 2
+ (—X1X2X62X7xs - x1x3x52x7x9 - X2x3x4zxsx9) a3 + (—)€|J63)€5X73 + x1X42X6X7x8 - X22x5X6X7xs
fxzx3x4x5x82 + XZX3X4)C62)C9 - )C33XSX7XQ) a0y + X32X72(,YZZX4)C() — X3X7 (X1X4X7X3 + x2x3x(,xQ) a3
+ (x1x3x62x72 — )C1X4X52X7X3 — xz)C3X52x(,x9 + x32x42x7X9) a0y + a32x1xzx8x9x7X3 + (fx12x6x72xg

2 2 2 2 2
—X2X3 X4X9 ) Q403 + (—x1x2x5x7 Xg + X1X3X4X6X7X9 — X2X3 XSXSXQ) Qg

P32(X) = X324%5% %67
The four integrals
P11 P21 P22 D3
LX) =", hXx) ==, kkx) ==, kx) ="
( ) P12 ( ) D23 ( ) P23 ( ) D32

are functionally independent.
Since C;(x)C3(x) = J(x), it follows that the map also preserves the measure with density

Pr2(x) "' paa(x) ! = (x3xgadagrs) L

3. Detecting preserved measures and first and second integrals of rational
maps
In this section we consider the following three-dimensional ODE as an example:
dx d d
o =x(y — a;z), d%) = y(anz — x), d% = z(ox — any), (15)

where o, and « are arbitrary parameters.
Applying the Kahan—Hirota—Kimura discretization to (15), we obtain

K —x  X(y—aiz) +x(y — o)

h 2

Y =y V(g —x) 4yl —x)
ho 2

Z—z  Z(ax —ay) +z(ar’ — ay’) (16)
h 2 '

Solving equation (16) for x’, ¥/, and 7' we obtain the (rational) Kahan map discretizing (15).

Using the Jacobian determinant J(x) of the Kahan map as cofactor, our algorithm finds that

for all (v, vp), the map preserves the measure d’fyzdz and the first integral x + y + z.

Moreover, the algorithm also detects the following special values of the parameters (v, )
where the map preserves an additional integral, and outputs the formula for the integral (see
table 1).
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Table 1. Integrable parameter values and corresponding functionally independent ad-
ditional first integrals detected by our algorithm.

(g, 2) Additional first integral
(—=1,0) v/z
(1,0) ye/(1— )
(0.1) x/(1 - 5y2)
(0,-1) 2lx
2
(1,1) xyz/(1 =% (2 +y* + 22 = 2xy — 2xz — 2y2))
(1,-1) xlyz
(-1,-1) z/xy
(—1,1) vixz

4. Concluding remarks

In this letter we have presented a method for detecting and determining first and second int-
egrals of rational maps. There are in the literature several other methods for determining first
and second integrals of discrete systems, see [4, 5, 8, 14, 18] and references therein. There are
also in the literature several other methods for detecting first and second integrals of discrete
systems, see [1, 7, 17] and references therein.

However, to our knowledge none of the above combine all the following properties of the
method presented in this letter:

1. It is algorithmic, and requires no other input than the rational map in question. At heart
the algorithm is linear and, to some extent apart from birationality, requires no knowledge
about the map (such as symplecticity, measure preservation, time-reversal symmetry,
integrability, Lax pairs, etc) on the part of the user.

2. Up to a certain prescribed degree, it determines and outputs all

(a) rational first integrals

(b) polynomial second integrals

(c) preserved measures of the form P(x)dx or %, where P is a polynomial.whose cofac-
tors are of the form (4).

3. It can detect special parameter values where additional first and/or second integrals and/or
preserved measures exist, and output those integrals, preserved measures and parameter
values.

4. It works for both integrable and non-integrable cases, in arbitrary dimension.

5. It allows one to take the continuum limit, if appropriate.
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Appendix A. Proof of theorem 1

For quadratic vector fields f(x), Kahan’s method is equivalent to the B-series method

—1
X' =¢(x):=x+h <I - ;hf’(x)> f(x) (A.1)
where f is the Jacobian matrix of f [2].

Lemma A.1. The B-series method (A.1) preserves all affine Darboux polynomials of any
polynomial ODE.

Proof. Since B-series methods commute with affine transformations [12], we may assume
that the Darboux polynomial to be preserved equals xj, i.e.
dx

i x1 - C(x), (A.2)

where the cofactor C is polynomial. Using Cramer’s rule it follows, using (A.1), that

/- h & o) h,
il - AL YA > ZM;ﬁafx; / det (I zf) (A3)
j=2

where the M; are (determinantal) polynomials depending on / and x. Substituting (A.2) in
(A.3), we obtain

& acC h
x’lle 1+hCM1+?Jz:MIf)87)C] /det <I_2f/>

>

This shows that the discrete cofactor is of the form (4), and concludes the proof of lemma A.1.

O

Since Kahan’s method is equivalent to the B-series method (A.1) for quadratic vector
fields, theorem 1 follows as a corollary.

Appendix B. Proof of theorem 2

In order to prove theorem 2, we first prove the following:

Lemma B.1. Let ¢, be given by°

Ni(x, h . .
x| =x Dl((xx, h)) , with Nj and D coprime, (B.1)
/ Ni(-X, h) .
.= = 2 e .
X; D(x,h)" i RN (B.2)

Also assume that the Jacobian determinant J of ¢y, satisfies
_ D(xX',—h)

J= Dk (B.3)

© Capitalised functions are polynomial in their arguments.
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and let

opod_p =id, (B4)
i.e. the system is invariant under

x&x. (B.5)
Then N divides the numerator of the Jacobian determinant J.

Proof. Applying (B.5) to (B.1), we get

= ,Nl(x’,—h) —x N](x,h) Nl(x’, —h)
! ~"'"D(x.h) DX, —h) "

~ D, —h)
Hence

Ni(x, h)N (x', —h) = D(x, h)D(x', —h). (B.6)

From (B.1) and (B.2) it follows that D(x’, —h) can be written as
L(x, h)

D(x',—h) = B.7
for some k € Ny. It follows from (B.3) that
L(x,h L(x,h
o Lk L) ®5)

~ DMY(x,h) T D(x,h)’
where L and D are coprime. Using (B.7) and (B.8) in (B.6) we get
D(x, k)N (x, k)N, (x', —h) = D*(x, h)L(x, ).

From (B.1) and (B.2) it also follows that N;(x’, —h) can be written as
M(x, h)
D" (x,h)’

Ni(x',—h) = where, for Kahan's method m = 1.

Hence

D(x, h)N; (x, h)M(x, h) = D**™(x, h)L(x, h).

Hence N; |Z, i.e. the numerator of the cofactor of x; divides the numerator of the Jacobian
determinant J. O

What remains to prove is that in dimensions 1, 2, 3, and 4 the Kahan map satisfies theo-
rem 2. The first step towards proving this is to use the fact that if ¢, is a Kahan map, then we
may assume w.l.o.g. that the affine Darboux polynomial is x;, and hence the Kahan map has
the form (B.1) and (B.2) and its Jacobian determinant satisfies (B.3) and (B.4) [2].

The only thing we still need to show is that Ny and D are coprime, where
D(x,h) = det (I — 1hf’(x)). This we have done explicitly, using Maple for the most general
quadratic ODEs with Darboux polynomial x;.

The 5D case being outside the capabilities of the supercomputer at our disposal, we have
performed 1000, resp. 50, resp. 6 computations similar to the ones above in 5D, resp. 6D,
resp. 7D, but with randomly chosen integer values between —100 and 100 for the parameters
instead of symbolic ones.

10
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In all computations, N; and D are coprime.
Based on theorem 2 and on the computations mentioned above, we make the following:

Conjecture. Theorem 2 (which we proved in dimensions 1, 2, 3, and 4) remains true in any
dimension.
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