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1. Introduction

A rational recurrence relation is said to have the Laurent property if all of the iterates
are Laurent polynomials in the initial values, with coefficients belonging to some ring
(typically Z). We call such a recurrence a Laurent recurrence. The first examples of such
recurrences were discovered by Michael Somos in the 1980s [14]. Since then many more
have been found [1,10,13,23,24] (also cf. [9]). The Laurent property is a central feature
of cluster algebras (see [11,12] and references).

This paper is concerned with systems of Laurent recurrences related to QRT maps.
The QRT maps are an 18-parameter family of birational transformations of the plane,
which were introduced in [26,27], encompassing various examples that appeared previ-
ously in a wide variety of contexts, including statistical mechanics, discrete soliton theory
and dynamical systems. QRT maps are measure-preserving (symplectic) and have an in-
variant function (first integral), hence they provide a prototype of a discrete integrable
system in finite dimensions. The generic level set of the first integral is a curve of genus
one, so there is an associated elliptic fibration of the plane [29]. The rich geometry of
QRT maps is described extensively in the monograph by Duistermaat [8]; for a terse
overview, see subsection 6.3 below.

It is an open question as to what conditions are necessary for “Laurentification” of
a general birational transformation, i.e. to determine whether such a transformation
admits a lift to a Laurent recurrence or a system of such recurrences. In [17] two of the
authors used ultradiscretization and recursive factorisation (which was employed in [30],
but can in fact be found in earlier work by Boukraa and Maillard [4]) to derive recurrence
relations for the divisors of iterates of homogenised discrete integrable systems. As the
divisors are polynomials, these recurrences should possess the Laurent property, as indeed
they do, in all cases considered. A different approach using projective coordinates has
been taken in [32], leading to similar results.

Specifically, it was shown in [17] that two particular multiplicative symmetric QRT
maps, namely

aun, +

Up41Un—1 = 2 (1a)
Up, + O

gty = 20, (1b)

give rise via recursive factorisation to Somos-4 and Somos-5 recurrences, that is

2
Cn—2Cn+4+2 = pCp—1Cn41 + Bncna (23‘)

dn73dn+2 - 'Yndnf2dn+1 + 5ndn71dn7 (2b)

respectively, where the coefficients a,, 3, and 7,,J, are periodic functions of n, with
period 8 in the first case and period 7 in the second. The connection between the QRT
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maps (1) and the autonomous versions of these Somos recurrences is well known (see
e.g. [18,19]). Both equations (2) are special cases of a non-autonomous Gale-Robinson
recurrence [14], which arise as reductions of Hirota’s bilinear (discrete KP) equation [16,
24,25,35,36]. Furthermore, it was shown in [17] that the additive QRT map

2
o —uy

Upg1 +Up—1 = ) (3)

mn

known as DTKQ-2 [6], is related by recursive factorisation to a fifth-order Laurent re-
currence, that is

2 2 2 2 2 2
€n—1€,_2€n—5 + €h—1€n—4 + En€p_36n—4 = Q€L o€, 3. (4)

It is worth pointing out that the Laurent property is neither necessary nor sufficient
for integrability. To see why it is not necessary, note that a discrete integrable system,
in the form of a birational map satisfying the conditions of Liouville’s theorem, need
not have the Laurent property: this property is associated with a particular choice of
coordinate system, and is easily destroyed by a birational change of coordinates, whereas
integrability is not. As for sufficiency, it is known that large families of birational recur-
rences with the Laurent property arise from certain sequences of mutations in a cluster
algebra [10,13] or an LP algebra [1,23], yet integrability is a rare property, and only a
small minority of such recurrences are discrete integrable systems.

Nevertheless, in an algebraic setting, based on the evidence of a large number of ex-
amples, it appears that discrete integrable systems should always admit Laurentification.
The advantage of having a system with the Laurent property is that it leads to a very
direct way of calculating the sequence of degrees, so that the algebraic entropy of the
system can be calculated as the limit lim, . n~!logd,, (where d, is the degree of the
nth iterate). In the approach of Bellon and Viallet [3], discrete integrable systems are
characterised by having zero algebraic entropy. For the case of the QRT maps consid-
ered here, which can be regularised by a finite number of blowups of the plane [8], and
preserve a pencil of invariant curves, general arguments indicate that the degrees grow
quadratically with n [2], and thus the entropy is zero. While a geometrical approach
via blowups is effective for counting degrees in dimension two, it becomes increasingly
difficult in higher dimensions, and this is our motivation for considering Laurent systems
here, in a test case where we know the degree growth in advance.

Laurentification is not a unique procedure, and for convenience one should aim to
find the simplest system which has the Laurent property. Recursive factorisation can
provide a Laurent system, but not always the simplest one: in particular, as shown
below (see also [25]), solutions to the non-autonomous Somos recurrences (2) from [17]
are related to those of their autonomous versions, which are simpler. In section 3 we
obtain a two-component autonomous system directly from the 5-parameter multiplicative
symmetric QRT map
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agui + asu, + ag
)
a1u? + aguy, + ag

Un+1Un—1 = (5)
by writing the iterates as a ratio u,, = k,/l,. We prove that this is a Laurent system,
and use the Laurent property together with ultradiscretization to derive a polynomial
formula for the growth of degrees (quadratic in n). We also show how our autonomous
system degenerates to the non-autonomous Somos-4 (2a) and Somos-5 (2b) in the special
cases considered in [17].

In section 4, we Laurentify the 5-parameter additive symmetric QRT map

2
asUsy, + G4y + as
- )
a1u2 + aguy, + ag

Up+1 + Up—1 = (6)
which generalises (3). This gives another system of two recurrences, which degenerates to
(4) as a special case. We show that the same quadratic formula as found for (5) describes
the degree growth of (6).

In section 5, we recursively factorise the 12-parameter symmetric QRT map (see
equation (35) below), and obtain a three-component system, whose Laurentness follows
directly from factorisation properties. We describe how the additive and multiplicative
Laurent systems obtained from (5) and (6) appear as degenerate cases, and use ultra-
discretization to show that the degree growth of the symmetric QRT map is quadratic.

In section 6, we present Somos-7 recurrences that are satisfied by the variables in the
Laurent systems introduced in the preceding sections. We prove that the components of
iterates of the general 18-parameter QRT map can also be written as a ratio of quantities
that satisfy a Somos-7 relation.

Because deriving systems that are likely to possess the Laurent property can now be
done routinely, there is a need for verifying the Laurent property routinely. An account of
such a procedure for autonomous recurrences, found by Hickerson, was given in [14,28].
Another approach, built into the axiomatic framework of cluster algebras or LP algebras
[23], is to use the Caterpillar Lemma as in [10], but this only applies to relations in
multiplicative form (i.e. exchange relations with a product of two terms on the left-hand
side). A straightforward generalisation of Hickerson’s method to systems of equations,
with more general denominators, is given in Theorem 2 in the next section. For the
multiplicative and additive Laurent systems (equations (12) and (29) below) it is easy
to verify the conditions in the theorem, and hence to establish their Laurentness.

2. Proving the Laurent property
Sufficient conditions for equations of the form
TaTn—k = P(Tn—kt1s- s Tn-1)s k €N, P polynomial over R (7)

(where R is a ring of coefficients) to possess the Laurent property were found by Hick-
erson. Taking {7;}*=! as the initial values, the iterates are written as a ratio
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pn(TOa s 7Tk—1)

T, —
" Qn(TO7-~-7Tk71>

of coprime polynomials, so that the greatest common divisor (pn,¢,) = 1. The Lau-
rent property means that all ¢, are monomials. The following is Hickerson’s result, as
mentioned by Gale in [14] and proved by Robinson in [28].

Theorem 1. Equation (7) has the Laurent property if (pr,pr+1) =1 forl=1,...,k and
gok 18 a monomial.

Below we provide sufficient conditions for systems of equations to possess the Laurent
property. At the same time, we generalise the form of the right-hand side of (7), by
allowing a monomial denominator, and consider the case where the iterates are Laurent
polynomials in a subset of the initial variables and polynomial in the rest.

Consider a system of d ordinary difference equations of order k,

P
RO LIC PO

. P? polynomial, Q" monomial, i=1,...,d. (8)

From a set of kd initial values U = {lehgjgd,oglgkfh where the superscripts denote
components (not exponents), one finds 7¢ as rational functions of the initial values, given
by

i :p,in(T&,...,Tgil) (9)
" q'?z(TOla 77—1?—1) ,

with (pi,q%) = 1. By definition, if ¢, € R[U] is a monomial for all i and n > 0, then
(8) has the Laurent property, meaning that each 7! belongs to the ring R[U*!] :=
RI(TH)FL, ..., (77 )*!]. The form of (8) guarantees that all components ¢, are mono-
mials for 0 < n < k. Suppose these monomials depend on a subset of the initial values
V C U, specified by a set of superscripts I C {1,...,d}. The following conditions guar-
antee that ¢!, are monomials for all i and n > 0.

Theorem 2. Suppose that g is a monomial in R[V] for 1 < i < d. If pi is coprime
to pi_H foralli,j € I Cc {1,...,d}, 1 =1,...,k, and ¢', € R[V] is a monomial for
1<i<d, k+1<m <2k, then (8) has the Laurent property: all iterates are Laurent
polynomials in the variables from V and they are polynomial in the remaining variables
fromW =U\V.

Proof. The proof is by induction in n. If we regard {Tg}1§j§d71§15k as initial data, then
from (9) we may write

i d

S P271(T11a~~77k)

q%71(7%7 e ’Tg)
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while on the other hand, by taking {Tij}lgjgd’kH,lSlgzk as initial values, we find

i _ p;—k—1(7%+17 e ’T2dk) 11
Tn = 7 1 d " ( )
@1 (Tiggs -5 To)
Then by using (9) again, the arguments 7J, for m = k,...,2k can be expressed as

Laurent polynomials in the variables from V with coefficients in R[W]. Thus for each
i the denominator of (10) becomes a monomial in the variables from V', multiplied by
powers of the polynomials pi for 7 € I. On the other hand, the denominator of (11)
becomes a monomial in variables from V' only, multiplied by powers of pi g forjel
and [ = 1,..., k. By the coprimality assumption, the only way that these two expressions
can be equal is if all the powers of polynomials p’, for j € I appearing in a denominator
cancel with the numerator in each case, to leave a reduced expression for 7i as a Laurent
polynomial in the ring R[W][V*!]. O

The preceding result can be modified to include the case where the coefficients in
system (8) are periodic functions, e.g. as in (2), but we will not need this in the sequel.
However, when discussing ultradiscretization it will be convenient to describe periodic
sequences using the following notation.

Notation 3. A periodic function f, such that f,,1,, = f, is defined by m values: we write

fmod m = [Ula .. 'avm] to mean fn = Un mod m-
3. The multiplicative symmetric QRT map

In this section, we show how to “Laurentify” the multiplicative symmetric QRT map,
i.e. produce a corresponding Laurent system of recurrences, by applying homogenisation.
We then use ultradiscretization to derive the degree growth of the map. We also show
how the Laurent system reduces to the Somos-4 and Somos-5 equations with periodic
coefficients that were found in [17].

8.1. Laurentification of the multiplicative symmetric QRT map

By taking u,, = ’;—" in (5) and identifying the numerators and denominators on both
sides, we obtain a system that generates sequences (k) and (I,,), that is

knt1kn_1 = ask? + asknl, + ael?, (12a)
ln+1ln_1 = alki + asky,l, + a3li. (12b)
Without loss of generality one can choose (ko, k1,1l0,11) = (ug,u1,1,1) as initial values

for (12). Observe that the system (12) is homogeneous of degree 2: it is a Hirota bilinear
form for (5).
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Proposition 4. The system (12) has the Laurent property. Any four adjacent iterates ki,
ln, knt1, lns1 are pairwise coprime Laurent polynomials in the ring R[koil7 kfﬂ, loil, lfﬂ],
where R = Zlay, as, as, as, ag) s the ring of coefficients.

Proof. The Laurent property can be verified directly by applying Theorem 2 in the
case that the dimension d = 2 and the order k£ = 2. For the coprimality, observe that
when n = 0 this is trivially true, and proceed by induction in n. If a non-constant
Laurent polynomial P € R[kgd, k;fl, loﬂ7 l%l] is a common factor of k,+1 and k,, then
it divides the right-hand side of (12a), hence P|l,,, which contradicts (k,,l,) = 1. Thus
(kn+1, kn) = (knt1,1n) = 1, and similarly from (12b) we have (11, kn) = (lnt1,ln) = 1.
Now let P be a common factor of k, 41 and l,41,

— Sh, =Pv,,

3
as as Qg 0 kn knkn+1kn71

B 0 a3 as ag B k%ln . kn+1kn—1ln
where S = ar as az 0 |° h, = ko2 |’ Pvn = Enlpnt1ln—1
0 a1 a2 ag 3 lnt1ln—1ln

Multiplying the above equation by the adjugate of the Sylvester matrix S yields
Rh, = PS*yv,,
where the resultant R = det S is a non-zero element of the coeflicient ring R, namely
R= a%ag — aiaa5a6 — 2a1a§a6 + alagag + a3asag — agagag, + agl #£0. (13)
Hence P divides each component of the vector h,,, contradicting (k,,l,) =1. O
Remark 5. The latter result remains true for numerical values a; such that ajasagR # 0.

The Laurent property implies that, in general, the iterates of (12) can be written in
the form

>

n(k)
ken

kn = , I, = (14)
where N, N,, are polynomials in k = (ko, k1, lp, l1) that are not divisible by any of these
four variables, while the denominators are Laurent monomials, i.e.
dM) - q(2) q(3)  4(4)
kdr = kv ki Ly Lt d, = (dgll)7dgl2)a dgz?))ﬂd%))T
and similarly for k®» where the exponents appearing in the denominator vectors d,, and
e, are integers. The initial vectors are
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-1 0 0 0
0 -1 0 0
dy = d, = = = 15
0 0 ) 1 0 ) €o 1 ) €1 0 ( )
0 0 0 -1

3.2. Growth of degrees of the multiplicative symmetric QRT map

In order to measure the growth of degrees of the map (5), we consider the growth of
the degrees of the Laurent polynomials that are generated by the system (12). From the
form of this system, it is clear that k,, [,, are homogeneous rational functions of degree 1
in the initial values k = (ko, k1, lg, {1), which implies that

4
degy (N (k) = 1 + degy (k%) =1+ d¥,
j=1
. (16)
degk(Nn(k)) =1+degy(k°) =1+ eg),

Jj=1

where deg, denotes the total degree in these variables. Furthermore, from the form of
(12), kn,l, are also subtraction-free rational expressions in the initial values, meaning
that a standard argument which is used in the theory of cluster algebras can be applied
(cf. equation (7.7) in [11], or Lemma 8.3 in [12]), and hence the denominator vectors
d,, e, satisfy a tropical version of the Laurent system, given by the max-plus ultradis-
cretization®

dn+1 + dn—l - HlaX(an, dn + €, 2en)7 ( 7)
1
ent1 +e,-1 =max(2d,,d, + e,,2e,),

where the max applies componentwise on the right-hand side.
Due to the symmetrical form of the tropical system (17) and the initial vectors (15),

the solution of this ultradiscrete vector system can be written as
d, = (dna dp_1,en, en—l)Ta €n = (6n7 en—1,dn, dn—l)T

)

in terms of a pair of sequences (d,), (e,) which satisfy the scalar version of (17), that is

dpy1 + dp—1 = max(2d,,d, + ey, 2ey,),
’ (18)
entlten_1 = max(2dn7 dn + €n, Qen)u

with the initial values dy = —1, di = eg = e; = 0. If we introduce the sums and
differences

2 Here, and in the sequel, when going from a discrete equation (recurrence) to an ultradiscrete one, we
assume the parameters a; are generic; in particular, for (12) we assume non-zero a; such that (13) holds.



224 K. Hamad et al. / Advances in Applied Mathematics 96 (2018) 216-248

En:dn+en; An:dn_ena
and note the fact that max(A,0,—A) = |A|, then the scalar system (18) becomes

Yotz — 28041 + X0 = 2|A 041, (19)
An+2 +A, = 0,
with initial values

So=A¢g=-1, X =A;=0. (20)

The decoupled equation for A, implies that this quantity has period 4, and from the
initial values it is clear that

Amod4 = [071707_1]7 (21)

so the right-hand side of the first equation in (19) has period 2, which gives the homo-
geneous linear equation

(S2—-1)(S-1)°%, =0,
where S denotes the shift operator such that §¥,, = ¥, 1. Using the fact that 3, takes
the sequence of values —1,0,1,4 for n =0, 1,2, 3, this fourth-order recurrence is readily

solved.

Lemma 6. The solution of the system (19) with initial values (20) is given by

together with (21).

Now if we substitute in the initial values (ko, k1,lo,l1) = (uo,u1,1,1) then the nu-
merators in (16) become a pair of polynomials in ug, u;, denoted N, (u), Nn(u)7 and we
find

o

(

n Ny, (u)
uy'™" ulA"‘l N, (u)

un:—:
In

(22)

For generic non-zero coefficients such that (13) holds, the polynomials Ny, (u) and N,, (u)
are coprime, and from the form of the recurrence they always contain a term of highest
possible total degree in ug, u1. Thus, by (16) and the result of Lemma 6, we have

deg, (N, (1)) = degy (N, (k) = %,—1 + 2, + 1 =n? —n,
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and the same formula holds for deg, (N, (u)). From the periodic sequence (21) it is clear
that the Laurent monomial factor in (22) cycles in the pattern umuhual,ufl, so the
degree of the numerator is one more than the degree of the denominator, or vice versa.
Hence degy, (un) = 1+ deg, (N, (u)) = 1 + deg, (N,,(u)), which yields an exact formula
for this degree.

Theorem 7. As a rational function of the initial values ug, w1, the nth iterate u, of the
multiplicative QRT map (5) has degree n®> —n + 1.

3.3. Degeneration to Somos recurrences

In this subsection, we demonstrate that the Somos-4 and Somos-5 recurrences (2),
with periodic coefficients of periods 8 and 7 respectively, arise as special cases of the
Laurent system (12).

In [17] the initial data for (1a) were taken as uy, us, while here we use g, u; instead;
mutatis mutandis, the periodic coefficients found in [17] are defined as follows.

Definition 8. The Somos-4 equation with periodic coefficients which generates the divisors

of the QRT map (1a) is given by (2a) with a,, = aub"ul""", B, = Bug"*?ui"~", and
Pmod 8 = [07 ]-7 07 07 ]-7 07 07 1] and Jmod 8 = [27 07 07 17 07 ]-7 07 0] (23)

Theorem 9. In the degenerate case a1 = 1, as = a3 =0, a5 = a and ag = B the quantities
kn, and l,, can be expressed in terms of solutions to (2a) as

242t dnt1—Pnt1 2Cn—14+Gn_2—Pn_2 _ 2Cn+2 2Cn 1 2
kn = ug uj Cn—9Cn, ln=1u c_1, (24)

where C, satisfies
(§=1)*Co = Pn — dn. (25)
Proof. Taking a; = 1 and a2 = a3 = 0, a5 = « and ag = [ in equation (12), it is

easy to see that k, = 7,,_omn, ln = Ts_l is a solution of (12) whenever 7,, satisfies the
autonomous Somos-4 recurrence

Tn+2Tn—2 = QTp41Tp—1 + 57'3- (26)

Moreover, for this degenerate choice of coefficients, every solution of (12) can be written

in this way, e.g. by taking 7o = ko/v11, 71 = Vo, 70 = V11, 71 = k1/V/lp as initial
values for (26). Now one can make a gauge transformation between 7,, and ¢,, which is
required to satisfy (2a):

T, = Cn+3uCncn — (82 _ 1)2Cn = —(n+1,
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a fourth-order recurrence for ¢, and also (25) must hold. But the form of the 8-periodic
coefficients (23) implies that (S + 1)%(pn — 4n) = —qn+1, so the fourth-order relation is
a consequence of (25), which completely determines the sequence of exponents (¢, ), up
to a suitable choice of {y, (1. O

Definition 10. The Somos-5 equation with periodic coefficients which generates the divi-
sors of the QRT map (1b) is given by (2b), where

Yo = yub a7 and 6, = dugm T ul T,
with Pmod 7 = [17 07 Oa 07 1a 0) 0] and Jmod 7 = [07 Oa 17 07 Oa 17 1]

Theorem 11. In the degenerate case a1 = a3 =0, as =1, a5 =~ and ag = 0, k, and I,
are expressed in terms of solutions to (2b) as

Nn+3+Nn 7]n—1+7]n—4d d
n

_ _ o Mnt2 a4l Mn—2+Mn—3
kn - UO ul n—3, ln - uon " uln " dn—ldn—Qa (27)

where
(8% =8 =S+ 1)1 = pn — - (28)
Proof. This is similar to the proof of Theorem 9. The autonomous Somos-5 relation
Tn—38Tn+2 = VYTn—2Tn+1 + 0Tn—1Tn

solves this degenerate case of (12) by taking k, = T,—37n, ln = Th_2Tn—1, and then a

gauge transformation 7, = uJ" " 'd,, gives a corresponding solution of (2b), provided

7, satisfies the third-order linear relation (28) above. O
4. The additive symmetric QRT map

The aim of this section is to Laurentify the additive QRT map (also called the Mc-
Millan map), and to establish a formula for the growth of degrees.

4.1. Laurentification of the additive symmetric QRT map

Substituting u,, = ’;—" into (6), and identifying quadratic numerators and denomina-

tors on each side leads to the following associated Laurent system.
Proposition 12. The system

kn+1ln71 - _(knflanrl + az an + a4 knln + as ln2)a

(29
anrllnfl = a1 kn2 + a2 knln + as ln2 )
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has the Laurent property. Any four adjacent iterates ky, Ly, kny1, lny1 are pairwise co-
prime Laurent polynomials in the ring Rlko, k1, l(;il, lfl], where R = Zlay, ag, as, aq, as].

Proof. This follows from Theorem 2 and a coprimality argument analogous to the proof
of Proposition 4. O

It is straightforward to check that the equation (4), obtained from (3) in [17], corre-
sponds to a degenerate case of (29).

Proposition 13. In the degenerate case a1 = a3 = a4 = 0, as = 1 and a5 = —a,
the solution of (29) is given by k, = ept1€n_o and l, = enen_1, where e, satisfies
equation (4).

4.2. Growth of degrees of the additive QRT map

Just as in the multiplicative case, the Laurent property means that the iterates of (29)
can be factored as in (14), in terms of a general set of initial values k = (kq, k1, lo, 1),
with initial denominator vectors (15), where (for generic parameter values) N,, and N,,
are coprime. Observe that the system is also bilinear (homogeneous of degree 2), so the
relations (16) hold, and the second equations in (12) and (29) are identical. Note also
that, due to the minus sign in the first equation, the system (29) does not generate
subtraction-free rational expressions in k. Nevertheless, by considering the dependence
on kg, k1, it is not hard to show that cancellations cannot occur in the highest degree
terms appearing in the numerator on the right-hand side, and arrive at the following

Lemma 14. The denominator vectors satisfy the maz-plus tropical version of (29), namely

dn+1 +e,. 1= max(dn,l + €n+1, 2dn, dn + €n, 2en), (30)
ent1 + en—1 = max(2d,,d, + e,, 2e,).

Proof. By Proposition 12, the iterates of (29) can be written in the form (14), where now
the (Laurent) monomial denominators are just monomials in lg,l; for all n > 2. Then,
by explicitly considering how the numerators depend on ko, k1, No(k) = —aikok? + ...,
No(k) = a1k2 + ..., and it can be shown by induction that for all n > 2, N, (k) =
monomial in kg, k; of degree d,, + lower order terms, and Nn(k) = monomial in kg, k1 of
degree 5 + lower order terms, where 6, 5, denote the respective total degrees of these
numerators. To perform the induction, it should be assumed also that d,, > b as part
of the inductive hypothesis; clearly this holds for n = 2, and n = 3 is easily checked as
well. Now suppose the hypothesis holds up to n, and consider the right-hand side of the
second equation in (29): in terms of ko, k1, the term of highest degree in the numerator
comes from k2, and all other terms are of lower degree, so there can be no cancellation
between the numerator and denominator (which only depends on Iy, [1 ); thus, comparing
with the numerator of the left-hand side, this implies
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N

6n+1 + 57171 = 26717 (31)

and the numerator Nn+1(k) is of the required form. Similarly, on the right-hand side of
the first equation in (29), the term with numerator of largest possible degree can only
be kp_1l,41 or k2, but the first term has degree §,,_1 +3n+1 =20, +0p_1— S,L_l > 20,,
using (31) and the inductive hypothesis, which implies that the numerator of k,_1l,11
is of largest degree; so again there can be no cancellation, the numerator N, (k) is of
the required form, and comparing with the left-hand side yields

6n+1 + Sn—l = 571—1—1 + 61’7,—1, (32)

~ ~

and hence 6,41 — 0p+1 = 0p—1 — 0,1 > 0, which gives the other part of the hypothe-
sis. O

From the form of the initial data (15), the solution of the ultradiscrete system (30) is
written as

dn = (dnadn—hdnydn—l)Ty €en = (enaen—lyénaén—l)T7

in terms of two pairs of sequences (dn,e,), (dn,&y,), each of which satisfies the scalar
version of (30). Upon introducing the difference vector

An - dn —€en = (Ana Anfl» An» An71>Ta
the system is equivalent to

An 1 = max An,1,0 y
+ ( ) (33)
ent1 — 2e, + e,_1 = max(24A,,0).

For the first sequence pair (d,, ¢,), the initial data give Ag = —1, A; = 0, which implies
A,, = 0 for n > 1, while for the pair (cin,én) with Ag = 1, A; = 0, the first equation
above gives Amod o = [0,1]. For the second equation in (33), the solution e, is then
found to be specified by

and e, =0 Yn>0 = d, =0 Vn>1,
so kg, k1 never appear in the denominator of any Laurent polynomials, as is obvious from
(29).

Finally, from (16) we see that, consistent with (31) and (32),

deg, (N, (K)) = Ay 4+ A1+ Ay + Ay +degy (N, (K)) = 14 degy (N, (k) for n > 2



K. Hamad et al. / Advances in Applied Mathematics 96 (2018) 216-248 229

and degk(Nn(k)) =1+4en+en1+&E + &1 =n?—n. By setting k = (ug,u1,1,1) to
find u, = k,/l, = Nn(u)/Nn(u) for n > 2, and noting that the total degrees of N,, and
N,, remain the same after substitution, this yields the same quadratic expression for the
degree growth as for (5).

Theorem 15. As a rational function of the initial values ug, w1, the nth iterate u, of the
additive QRT map (6) has degree n> —n + 1.

5. The 12-parameter symmetric QRT map

The symmetric QRT map [26,27] is constructed as follows. We start with two sym-
metric 3 X 3 matrices,

agp @1 Qo2 boo bo1 Doz

A=1ap a1 a2 |, B=/|bor bix b2 |, (34)
ap2 G2 a2 bo2  bi2 22

V(u,v)= | uv |, f(u) = AV(u,1) x BV(u,1),

with the components of f denoted by f), i = 1,2,3. The map of the plane defined by

f(l)(un) - un—lf(2)(un)

sym - n—1,Un) =2 (Un, Un ) ith n = s 35
T i (T ey T T A
is the general form of the symmetric QRT map, which admits the invariant
V(tp_1, NVTAV (u,, 1
J = Hen-1, 1) AV(uy, 1) (36)
V(up—1,1)TBV(up,1)
5.1. Recursive factorisation of the symmetric QRT map
Let us homogenise the map @gym. Taking u, = pn/qn gives
Pri1 _ - LfO(B2) = ppoy fO(B2)
Gnt1 Gu1 A (E2) = pooy fO(E2)
from which we obtain the polynomial system
Pn+1 = Qn—le(ll) - pn—lFT(LQ)7 dn+1 = Qn—le(lZ) - pn—lFr(LS)v (37)
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with F,Si) = ¢ f® (), Slightly more explicitly, in terms of the vectors A, :=
n an

AV (Dr,qn), By := BV (pn, ¢n), with components denoted Aﬁf), By(f) respectively, we
set F,, = A,, x B,,, and then the system (37) can be written as

Pn4+1 = B'y(LB) (pnflA»ELl) + anlAg)) - A,S?) (pnley(zl) + qnle'ELQ))’

(38)
dn+1 = Bgl)(pn—lAg) + Qn—lAn3)) - Anl)(pn—anZ) + Qn—lBy(lg))v
which is equivalent to the vector equation
(qn—IQn-‘rh —Pn—-1Gn+1 — Qn—lpn+17pn—lpn+1)T = Wna (39)

where W,, = F,, x V,,_1, V,, = V(p,,q,). The map (38) generates polynomials when
iterated forwards, but not backwards, as the inverse does not have the Laurent property
(this is analogous to the fact that a generic polynomial map does not have a polynomial
inverse); it leaves the ratio of polynomials N,,/D,, invariant, where

Nn :Vn'Anfl :anl 'An7 Dn :Vn'anl :anl 'BTu

since the matrices A, B are symmetric. The invariance implies that N,, divides Ny
and D,, divides D, ;1. We can describe the factorisations as follows.

Lemma 16. We have Ny, 11 = N,Q,, and Dy = D, Q, where Q,, = (FT(LZ))2 - FT(Ll)F,(LS).
Proof. Using F = A xB,hence F-A=0,W=FxV=(A-V)B—(B:-V)A, we get

NnJrl - VnJrl . An
= pn+1(Qn71F£1) —Pnlef))A?(ll) + (anlFf) —pnler(f’))(anAﬁf) + Qn+1A5L3))
— W(3)(—F7(12)A£ll) _ F,@ASLQ)) + W(Q)FT(L3)A£LS) + W(l)FTSQ)AS)
= Ay Voo (FRAPBY — ADBY) ~ FO (AP B — AP BR))
= nQn O

Iterating the map one more time, the quotient ),, arises as a common divisor of p,, 2
and g,42. This can be seen from

3 1 2 3 1 2
Pn42 = Bﬁbll(pnAgH)_l + angl-s)-l) - A’EL—i)-l(pnBéL-i)-l + an'EL—i)-l)

_ Bfﬁl(p%ASll +an71A7(124)rl "‘P%Agﬂ) _ A’Ei‘?’l(p’%Bflﬁl +anan(12+)1 +prB§21)
Pn Pn
3 3 3 3
B Na =AY D 0 <B£421Nn - A’El-i)-lD”>
- =Qn :

40
Pn Pn (40)
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The second term in (40) is polynomial, which can be seen directly from the factorisation

BS:AA(S - AE?J)ABS)1 = (Pn—1n+1 — Pnt1Gn—1)(Fn X V1) - P

where P = (ag2, a12, aze)” x (bo2, b1, ba2)T, and the observation that F,, = Pg? mod p,,.
For ¢, 12 we find the similar expression

BN, — A" D
Gn+2 = Qn ( = 7 +1 . (41)

Theorem 17. The polynomial Q., is a divisor of Qn41-

Proof. The proof is by direct computation. We write

Qn = Zdlpi "4, = Q(Pn, qn)- (42)

Considering the three components of F,, as variables, we substitute equation (37) into
Qn+1 and reduce the result modulo Q,, = (Fr(f))2 ~FME® using a total degree order-
ing. We denote the coefficients of the resulting polynomial in p,_1,¢,—1 by e;, so that
Qn+1 |Eq 37)= Z?:o eipfb__iqukl mod @Q,,. There appear to be two non-trivial com-
mon factors, namely X = ged(eg, e, €e4,€6,€8), Y = ged(er,es,es,e7), and we have
Qn | Y — XF}. Thus it suffices to establish that @, is a divisor of X. Curiously,
we have the following expression, modulo Q,: X(F,(Ll))4 = Zf:o di(F,(Ll))s_i(Fr(f))i =
Q(F,(ll),F,(LQ)). Finally, with computer algebra (e.g. Maple) it can be verified that @,
divides Q(FV, FP). o

From (38), an ultradiscrete system of recurrences for a lower bound on the multiplic-
ities is given as follows:

mh o =ml, = min (m],_; +imb + jm?) . (43)

re{p,a},i+i=4,1,520
So a lower bound on the growth of the multiplicity of divisors is m}  ; =m! , =my, 4
with

Mmy41 = dm,, + my—1, (44)

where mg = 0 and m; = 1. We are interested in primitive divisors. Therefore, according
to Theorem 17 we want to divide @, by @,_1. But there is much more to divide out.
As @Qp—o divides ged(pn,¢n) and @, is homogeneous in p,,q, of degree 8, @, is also
divisible by (Q,,_2)%, and by (Q,,_3)32, and so on. We can recursively define a polynomial
rn by 71 = 1 and
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n—2 n—2

Smp_ YT

Qn = H Tnn:z 171n71”1n = Tp = H(anj>1 2 .
k=2 j=0

In terms of r,, a common divisor of p, and ¢, is given by

n—2

In = H 7“21"%71 = OGn+1 = Tnflgnflgi' (45)
k=2

As every divisor is a common divisor, we define the quotients s,,,t, by

Pn = GnSn and n = Gntn. (46)

To find a closed system of equations we need to involve r, and find out how it relates to
Snytn. Using Qn = Q(Pny qn) = 95Q(8n,tn) it can be verified that 7,r,—1 = Q(sn,tn)-
Substituting (46) into (37), and using (45), we arrive at the system

'nTn—1 = Q(snatn)a
Sn4+1Tn—1 = tnle(l) (Snatn) - Snle(Q) (Sn; tn)7 (47)
tn—i—lTn—l - tn—lF(2) (Snatn) - Sn—lF(g) (Sn;tn)7

with F(s,,t,) = g, *F,. Up to shifting indices, initial values can be chosen as sy = uo,
51 = u1, to = t1 = ro = 1. The ratio u, = * is an iterate of the symmetric QRT map
(35).

+1
To 550,51,

Theorem 18. The system (47) has the Laurent property: vy, $p,tn € R = R]
to, t1], where R is the ring of polynomials in the parameters a;j,b;; over Z.

Proof. Upon noting that Q(s,t) and FU)(s,t) are homogeneous with weights 8 and 4

respectively, we see that the system (47) is weighted homogeneous, where 7, has degree

4 and sy, t, have degree 1. This allows us to show by induction that the iterates can be
written in terms of r = (rg, So, 81, to, t1) in a similar fashion to (14), as

- N;(So,sl,to,tl) - Nn(80781,t07t1) - Nn(SO,Sl,to,tl)

'y =, Sni—d’ tn*—

TOCn rodn roen ? (48)

where N7, Ny, N, are homogeneous polynomials in sg, s1, tg, t1. The system (47) only
involves division by r,_; at each iteration, and since it is of second order in s,,t, and
only first order in ry,, it is slightly more general than the conditions in Theorem 2, but
Hickerson’s method still extends to this situation. Clearly the 5 initial values as well as
T1, 82,12 belong to R, while from Theorem 17 it follows that Q(s1,t1)|Q(s2,t2), which
implies ro € R, and the same computations that yield (40) and (41) also give s3,t3 € R.
It can also be verified with computer algebra that r; and 7o are coprime; it is sufficient to
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check that this is so for some particular numerical choice of coeflicients a;;, b;;, in which
case it must hold when the coefficients are variables. Then from the inductive hypothesis
we can write the new iterate produced by the first equation in (47) as

S Ny _1(s1,82,t1,t2)  Nj_5(s2, 83,12, 13)
no Tlcn—l o 7‘20"72 ’

By substituting for 1, ra, s2, 83, t2, t3 as Laurent polynomials in R and using (r1,72) = 1,
it follows from the equality of the latter two expressions above that r, € R, and the
same argument shows that s,y1,t,+1 € R. O

In an appendix, we also prove the following result.

Lemma 19. The Laurent polynomials s, and t, generated by (4/7) are coprime in R for
allm > 0.

As before, no cancellations occur in the numerators when the Laurent polynomials
are substituted into the right-hand sides of the system (47), so we can immediately write
down the ultradiscrete system for the denominator exponents c¢,, d,, e, in (48), that is

Cn + €1 = max ((8 —i)d, + ien) ,
i=0,...,.8

dnJrl +cpo1 = max(dn,l, enfl) + Mnu

ent1 + cn—1 = max(dy—1,€n-1) + M, M, = max ((4 —i)d, + ien>
i=0,...,4

Subtracting the last two equations above implies that d,, = e,, for all n > 2, and hence
Cn + o1 = 8dp, dpi1+cnoy =4dy, +d, 1 = (S—1)%d, =0.

Therefore d,, and e, both grow quadratically with n, as do the degrees of N,,, Nn, and
(by Lemma 19 and its proof — see Appendix A) these are coprime and their degrees
remain the same after substituting r = (1, ug, u1,1,1) into u,, = Nn/Nn This yields an
exact formula for the degree growth of (35). To be precise, for n > 2 we find d,, = ¢,, =
(n? —n)/2 = deg,(N,) = deg,(N,,) = deg,(u,) = 2n? — 2n + 1, using the fact that
deg,(N,,) = 4d,, + 1 by the weighted homogeneity of (47).

Theorem 20. As a rational function of the initial values ug, w1, the nth iterate u, of the
symmetric QRT map (35) has degree 2n? — 2n + 1.

5.2. Degeneration to the Laurentified multiplicative/additive QRT maps

In this subsection, we show how the Laurentified multiplicative and additive QRT
maps arise as special cases of the three-component system (47).
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Theorem 21. In the degenerate case byy = 1 and all other b;; = 0, the polynomials 7,
S and t, can be expressed in terms of the solution to (12) as

rn = kpt1lnt1knln, Sn = kn, tn = lp. (49)

Proof. By substituting b1; = 1 and no other non-zero b;; in (47), we find
TpTn_1 = sit%RnSn, Sn41Tn—1 = tn—1tnSnSn, tnt1Tn-1 = Sn—1SntnRn, (50)
where R,, = a15,% + aa8Sntn + asty,? and S, = ass,? + asSntn + agtn?. With the sub-
stitutions (49), the second and third equations in (50) correspond to the two equations

(12), while the first one is a consequence of them. O

Theorem 22. In the degenerate case byp = 1 and all other b;; = 0, ry,, s, and t, are
expressed in terms of solutions to (29) as

rn=—000, Sn=kn,  tn=ln (51)
Proof. Setting all b;; = 0 apart from by = 1 in (47) gives

TnTh—1 = tiRi, Sn+1Tn—1 = ti(sn—an + tn—lsn)y tn-‘rlrn—l = _tn—ltian
(52)

where R, = a152 + aotps, + ast?, S, = a8 + assut, + ast2. The first and third
equations above follow from the second equation in (29). The second equation in (52) is
a consequence of the first equation of the system (29). O

6. Somos recurrences

In this section we show that the components of the Laurent systems we have derived
satisfy Somos-7 recurrence relations. We start with the multiplicative case, and from
this we will obtain the additive case, before proceeding to obtain the Somos-7 relations
corresponding to the general symmetric QRT map as a corollary of a broader result for
asymmetric QRT.

6.1. The multiplicative case

Let

arudu? + aguouy (ug + uy) + ag(ud +u?) + as(up + u1) + ap
UoU1

I =

: (53)

be the invariant of (5) considered as a map on the plane of initial values (ug,u;). We
will prove the following theorem.
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Theorem 23. The variables ky,, 1, in (12) each satisfy the same Somos-7 recurrence,
Tpt7Tn = ATpni6Tni1 + BrpisTnis + CTpniaTnas, (54)
with coefficients given by
A=—(®+apy+p%, B=(p*-A)a?  C=AA-p5), (55)
with
a = asas + a% —arag + asl,
B = (ar1as — 2asa3)as + azas + (a1ag — a3)l, (56)

v =4as+ 1.

The coefficients may be found using computer algebra as follows. If x,,, 3, satisfy the

same Somos-7 recurrence, then

Ts5T—2 T4X_1 T3XTp T2T1

det Tel-1 TsXp T4X1 T3T2 -0
YsY—2  YaY-1  Ys3Yo Y2Y1
YelY—-1 YsYo YaYyi  Ysy2

for all initial values (where, in each row of the matrix, the indices can be shifted by
an arbitrary amount). The coefficients of the Somos-7 recurrence are then found by
calculating a constant vector (independent of n) that spans the one-dimensional kernel
of the above matrix — see [20] for an introduction to this method.

However, it is more instructive to prove the result by considering the form of the
solution. As an added benefit, this provides more succinct expressions for the coefficients.
We first show that k,,, [, can be written in the form of products

kn="TnTh, ly = T 71, (57)

where each of 7,7, 7,7, satisfy a Somos-5 recurrence (in fact, the same Somos-5
recurrence, with identical coefficients and a first integral taking the same value); then we
use the fact that products of this kind provide special solutions of Somos-7 recurrences.

The general Somos-7 recurrence, of the form (54), arises as a reduction of the bilinear
discrete BKP equation, a partial difference equation which is also known as the cube
recurrence [10]. It is possible to obtain a general analytic solution in terms of genus two
sigma functions, corresponding to a translation on a two-dimensional Jacobian variety,
which we intend to present elsewhere. Nevertheless, Somos-7 also admits special solutions
given by products of elliptic sigma functions, which are described as follows.

Proposition 24. Let 7,, satisfy the Somos-5 recurrence

Tn45Tn = QTp+d4Tnt+1 + BTnt3Tnt2,
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with coefficients o, B, and let T satisfy the same recurrence but with coefficients o*, B*.
Then whenever the constraint

A VY _ ivats 9)

Yarh} Y31y

holds, the product k, = 1,7} satisfies a Somos-7 recurrence of the form (54) with A

n

given by (59),

p o Ysva¥svs A, C = st — A Yatpy

ot (X

where Py, 1} denotes the companion elliptic divisibility sequence associated with T, T

(60)

respectively.

Proof. For later use, we record analytic formulae from [19,21] concerning the solution
of (58), and its companion elliptic divisibility sequence (EDS). From the proof of Corol-
lary 2.12 in [19], the general analytic solution of (58) can be written in the form

B

Tn = AiBEE]M[%FO’(ZO + TLK,), 5 =—u — 0-(5&)47 (61)

with the =+ signs selected according to the parity of n, where o(2) = o(z;gs, g3) is the
Weierstrass sigma function corresponding to the elliptic curve & in the (z,y) plane given
by

& y? = 42° — gox — g3, (62)

and its companion EDS is given by ,, = a(ma)/a(m)”tl. The coefficients in (58) can
be expressed in terms of the companion EDS, as

Y4
Od:w?n 6:__5 (63)
(>
and the terms of the sequence 7, satisfy a particular Somos-7 recurrence as well, namely
3y _ .3 3
Tn+7Tn = W Tn+5Tn+2 — U5 Tn+aTn+3, V5 = Yyths — 13 (64)

(see also [31]). Upon substituting k, = 7, 7* into (54) and using (58), (64) and the
corresponding equations (with asterisks) for 7% to eliminate products with shifts of width
5 and 7, one obtains a linear equation in the products X X*, YY* XY™ Y X* where
X = Tn4s5Tnt2, ¥ = TpyaTn+s, and similarly for X* Y*. Since this expression must
vanish for all n, it is required that the coefficients of each of these four products should
be zero, leading to the two different equations for A in (59), which have to be consistent,

as well as the equations (60) for B,C. O
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Corollary 25. If the sequences T, T, satisfy the Somos-5 recurrence (58) with the same
coefficients o, B and have the same value of the invariant

)

2
Tn+1Tn+4 Tn+1Tn+2 Tn+1Tn+4 TnTn+3 T, 2
= + +a + o — (65)

Tn4+2Tn+3 TnTn+3 Tn+2Tn+3 Tn+1Tn+2 TnTn+4

then k, = 1, )5 satisfies the Somos-7 recurrence (54) with coefficients

2
A=, B = (D — A3, C = A(A-D), where D = <%> . (66)
2
Proof of Corollary. The fact that «, 3, are the same for both sequences implies that
they have the same companion EDS ),,. This means that the constraint (59) is trivially
satisfied, and the expressions for the coefficients A, B, C simplify dramatically. O

Theorem 26. The solution of the bilinear system (12) can be written in the form (57),
where Tp, T, Tn, Th all satisfy a Somos-5 recurrence with the same coefficients o, B and
the same value of the invariant y given by (65).

Proof. By Proposition 2.5 in [19], the solution of the multiplicative QRT map (5) can
be written as u, = f(zo + nk) where f = f(z) is an elliptic function of its argument i.e.
periodic with respect to the period lattice A defined by an elliptic curve £ as in (62).
The function f(z) provides a uniformization of the curve C in the (ug, u1) plane defined
by fixing the value of the invariant I for the map, and this curve is isomorphic to &.
Also, projecting onto the first coordinate, (ug,u;) — ug, defines a 2 : 1 map C — P,
so the function f is an elliptic function of order 2. Hence f has two zeros and two poles
in any period parallelogram for A, and so, by a standard result in the theory of elliptic
functions (see e.g. §20-53 in [34]), up to a shift in z,

o(z—2)o(z+ 2)

(z) = Ka(z — P)o(z+ P)

for some constants Z, P, K. Thus

kr, o0(zn — Z)o(zn + 2)
n=-—=K ) n — ’ 67
Y Iy o(zn — P)o(z, + P) “ %o + ks (67)

and it remains to check that by inserting suitable n-dependent prefactors as in (61) the
numerator k, and denominator [, can each be written as a product of two Somos-5
sequences. To be more precise, the general solution of the bilinear system (12) can be
written as

(3] 2[2)2
b = 2D 25 0 (2, — Z)0 (20 + 2),

- (68)
ln —aibi 250’ o(zn — P)o(z, + P),
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where the + signs are chosen with the parity of n, and the prefactors are taken to satisfy
the relations

4 ay a_ b_ 9 a_\*
pw=—o(Kk)" "%, —=—=K, = u”, bib_=—] .

a4 a_ E o ay
Subject to the above, the solution (68) is completely determined by the 9 parameters a.,
a_, a4, 20, K, Z, P, g2, g3, which fix the 4 initial values and 5 coefficients a1, as, a3, as, ag
n (12). Then from the formula for k,, in (68) there is a factorisation k,, = 7, 7,5, with 7,
given by (61) with zo replaced by zp — Z, and

n n ]2

* B
mo = ALBLEE * =

B*

o(z0 + Z + nk),
where Ay A} =ay, BBl =by,

so that 7, and 7, satisfy the same Somos-5 recurrence with the same value of the invari-
ant v. By making an analogous factorisation, the right-hand side of the formula for [,, in
(68) can be written as a product 7, 7,; for another pair of such Somos-5 sequences. 0O

It is worth explaining the nature of the factorisation (57) in more detail. First of
all, by Proposition 4, each of the terms k,,l, is a Laurent polynomial in the ring
R[kgﬂ,klﬂ,lgﬂ,lfl], and can be factored as a product of a polynomial with a Lau-
rent monomial, but the factorisation (57) is not of this kind: it leads to 7, 7}, etc. which
are algebraic functions of the coefficients and initial data for (12). Secondly, the factori-
sation (57) is not unique: there is a 6-parameter family of gauge transformations that
preserve it, given by

A

Tw— ALB 1, 17— (AL)'B "1t 7 — ALB'E,, 75— (A)T'BTES, (69)

n? n

where A4, Ay vary with the parity of n, for arbitrary non-zero AL A ,AJF,A,,E, B.

*
n

The above theorem guarantees that Somos-5 sequences 7,, T,r, Tn, T, exist such that
(57) holds. However, given the initial data ko, lo, k1,1 and coefficients a1, as, . .., ag for

(12), although the coefficients «, 8 are given by the polynomial expressions (56), it is
necessary to solve algebraic equations in order to find the four sets of initial data for
Somos-5, i.e. 19, T1,...,74 for the first sequence, and so on. Without loss of generality,
by exploiting the gauge symmetry (69), the 6 values 73, 74, 75, 75, 71, 75 can all be fixed
to 1, so that 79 = ko, 71 = k1, 70 = ko and Ty = lg, 71 = 11, 7o = lo. By fixing v as
n (56), the formula (65) determines 74 as an algebraic function of 79, 71, 72, 73 and the
coefficients and initial data for (12), by solving a quadratic equation, and similarly for
T4, T4, 74 - Thus, in order to have four complete sets of initial data for Somos-5, it remains
to determine the four quantities 73, 75, 73, 74 . The product 7375 = k3 is a known (Laurent
polynomial) function of ko, lo, k1,11 and ay,as,...,as, and similarly for 7375 = I3, but
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two more relations in are needed to obtain the remaining four quantities. Then, by using
(58) to write

b = et (amy 14 + Brams)(ariTy + B1575)
5 5 TOTO* )

the left-hand side is determined by the coefficients/initial data for (12), while the ratio
on the right-hand side is a rational function of these together with the Somos-5 initial
data, and similarly for [5 = 757Z, thus providing the necessary two additional relations,
which are best solved using resultants.

Proof of Theorem 23. By Theorem 26, both k,, and [,, are products of Somos-5 sequences,
so by Corollary 25 they satisfy the same Somos-7 recurrence with coefficients given by
(66). It remains to relate the quantities v, 13,14 that define the companion EDS to
the parameters a;, j = 1,2,3,5,6 and the value of the integral I for the QRT map (5).
This is achieved by using the formulae for the EDS in [21], which give the identity
Y5 = B+ ay in addition to (63), and noting that fixing the value of the invariant ~
defines a curve of genus one in the plane with coordinates (z,y) = (T Tn+3/(Tnt+1Tn+2),
(Tn+1Tn+a/(Tnt2Tnts)), that is

(x+yry+alz+y) —vyzy+ 5 =0. (70)
The latter curve is isomorphic to the curve C, and by the use of an algebra package such

as algcurves in Maple one can relate «, 3,7 to the coefficients appearing in C; this leads
to the relations (56). O

6.2. The additive case
The quantity

J = a1udu? + aguous (uo + ) + az(ud + u?) + aguouy + as(ug + ur), (71)
is an invariant of (6) considered as a map on the plane of initial values (ug,u1). There is
a well known link between the additive form (6) of the QRT map and the multiplicative
one (5).
Lemma 27. Suppose that an orbit of (5) starting from the initial point (ug,u1) is such
that the value of the invariant is I = —a4. Then this coincides with the orbit of (6)

starting from the same initial point with the invariant taking the value J = —ag.

Proof. This follows from (53), expressing ag in terms of I, substituting into the formula
for the corresponding map, then comparing with a4 in terms of J obtained from (71). O
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Theorem 28. The variables k,, l,, in (29) each salisfy the same Somos-7 recurrence, of
the form

Ln47Tn = Axn+6xn+1 + an+5xn+2 + an+4xn+3 (72)
with coefficients given by (55), but with
a = a1J +asas —|—a§ —agayq, P= alag — 2asasas + a§a4 + (ar1aq — ag)J, v = dagz — ay.

Proof. It is enough to observe that, by Lemma 27, any orbit of the multiplicative map
corresponds to an orbit of the additive version, and by identifying k,, [, in (12) with
kn,ln in (29) the result follows. 0O

As already noted, the DTKQ-2 equation (3) is a special case of the additive QRT
map, with

J = (uptn—1 — @) (tp + Up_1)

being a first integral in this case. Moreover, (4) arises from (3) by setting

€n€n+3
Uy = ————.
€n+1€n+2

To see that how this is a degenerate case of the preceding result on Somos-7 recurrences,
observe that, by Lemma 27, the iterates of (3) also satisfy the multiplicative QRT map

(aupn, + J)
Up+1Un—1 = ==
Un
which leads to the following result.
Proposition 29. Any sequence (e,) generated by (4) also satisfies the Somos-5 relation
€n+5€n + A €Cpt4€Cnp+1 + J6n+3€n+2 =0. (73)

Corollary 30. For all m,n € Z the following relation holds:

€nfn+5s EmEm+5
€n+2€n4+3  Em+4+2€m+3

o €n+1€n+4  Em4+1€m44
en+26n+3 67n-|—26m—&-3

—0. (74)

Proof of Corollary. This follows immediately from (73). By eliminating e,, 5 from the
top right entry and expanding the two determinants, the left-hand side of (74) becomes

enents  —QelmidCmil — J €mi3emyo €nt1€ntd  Cmi1Cmad

€n+4+2€n43 Em4+2€m43 €n+2€n+3  Em+4+26m43

= €m426m+3 (€nts€n + eniaenii + J epizenia) =0
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Thus apart from an overall m-dependent prefactor, which can be removed, for each n
the formula (74) just corresponds to the same Somos-5 relation (73). O

Remark 31. The equation (74) is of degree four and depends on two indices m,n. This
is reminiscent of Ward’s defining relation for an elliptic divisibility sequence [33].

6.3. The asymmetric QRT map

It turns out that Theorem 23 admits a straightforward generalization to both the
general 12-parameter symmetric QRT map and the full 18-parameter asymmetric QRT
map, with the result for the former being a special case of that for the latter. For
convenience, we briefly outline the geometrical description of the general QRT map due
to Tsuda [29]; for more details see Duistermaat’s book [8]. Starting from a pencil of
biquadratic curves

Plu,v;\) = Z (aij + Abij)u* 0?7 =0 (75)
i,j=0,1,2

in the (u, v) plane, labelled by A € P!, there are two natural birational involutions on each
curve (for fixed \), called the horizontal /vertical switch, denoted ¢y and ¢y respectively,
given by

gt (u,v) = (uTaU)a Lyt (uv'U) = (u,vT), (76)
where u! denotes the conjugate root of (75) considered as a quadratic in u (for fixed v),
and similarly for vT. Note that the birationality of ¢z (and similarly that of y/) can be
seen directly by writing (75) as

P = A(v, \)u? 4+ B(v, N)u + C(v, \) = 0,

and using either the formula for the sum or the product of the roots, i.e.

ul fu=— (77)

Then the QRT map ¢ is defined on each curve in the pencil to be the product of these

two involutions,
@ =1y - lH, (78)

and this lifts to a birational map on the (u,v) plane: to apply ¢y one can eliminate A
from the pair of equations (77) to yield a formula for uf as a rational function of u and
v alone, and similarly for the application of ty,. Moreover, solving (75) for A gives
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VYL
i @igu’v

A = —_——
BV
Zm‘b”uﬂv

(79)

and a generic point (u,v), as well as its orbit under the QRT map ¢, belongs to a unique
curve C = C(A) with the corresponding value of A being determined by the above ratio
(the exception being the base points, for which both the numerator and denominator
vanish).

In the special case where the coefficient matrices A = (a;;) and B = (b;;) are symmet-
ric, each curve in the pencil admits the additional involution o : (u,v) — (v, u), and the
symmetric QRT map gy, is defined as @gym = 0 - tg; the vertical switch is conjugate
to the horizontal, so ty = 0 - tg - 0, and ¢ = (Psym)?. With symmetric matrices as in
(34), @sym coincides with the map (35) defined previously, and comparing (36) with (79)
we see that J = —A.

Considering the general asymmetric QRT map, we can start from an initial point
(up, vp) and apply ¢ repeatedly to obtain the sequence

(Un, vn) = " (uo, Vo). (80)
We have the following result.

Theorem 32. Any orbit (80) produced by the general QRT map can be written as u, =
kn/ln, Un = DPn/an, where ky,ln,pn,qn oll satisfy the same Somos-7 recurrence of the
form (5]), with the coefficients A, B,C given by (55) in terms of quantities o, 8,7 which
are determined precisely by the 18 parameters a;;,b;; and the value of the invariant X as
in (79).

Proof. This is similar to the proof of Theorem 26, so rather than repeating this it is
sufficient to explain the main things that are different. For generic values of a;j, b;; and
A the curve C defined by (75) is smooth for (u,v) € P! x P! and has genus one, so it
is isomorphic to C/A where A is the period lattice of an elliptic curve & given in the
Weierstrass form (62). Each of the maps (u,v) — v and (u,v) — v defines a double cover
of P!, with associated elliptic functions of order two, denoted f, g respectively, such that
(u,v) = (f(2),9(%)) provides the uniformization of C. Now, up to an overall shift in z,
we may write

o(z—2)o(z+ Z)
o(z — P)o(z+ P)’

,0(z+0—2ZNo(z+0+2")
o(z+6—Po(z+0+ P')

flz) =K 9(2) =
for some constants 6, Z, P, K, Z', P', K’ which specify the poles and zeros of f, g. Then by
a standard argument (see e.g. Theorem 2.4 in [29] or the proof of Proposition 2.5 in [19]),
the composition of two involutions ¢ = ¢y -ty corresponds to a translation z — z 4k on
the torus C/A, so the iterates (80) of the QRT map have an analytic expression given
by (67) and
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_ P _ g o(zn+06—2"o(zn+5+2')
4w 0(zp+6—P)o(z, + 6+ P’

Un, Zn = Zo + NK. (81)

Thus once again we can write down a factorisation k, = 7,7, into a product of Somos-5

n
sequences, and similarly for [,,p,,q,. Therefore all of k,,I,,pn,,q, satisfy the same
Somos-7 recurrence, whose coefficients can be determined in terms of the parameters
a, B,7 for a cubic curve (70) that is isomorphic to C. (See e.g. Remark 2.2 in [29] for

details.) O

Remark 33. The formulae for ky,,l,,, pn, ¢, as a product of two tau functions/sigma func-
tions, as in (57), (68), and in the proof above, have a counterpart in the non-autonomous
setting, in the form of the bilinearization of the ¢-Pr;; and ¢-Py; equations by Jimbo
et al. [22].

The analogue of the above result for the map ¢sym = o -ty is simpler because for
a symmetric biquadratic curve the shift x for the original QRT map ¢ can be chosen
so that g(z) = f(z 4+ £/2), and then we can identify v, = w412 in (80). Lemma 27
generalizes to the full 12-parameter symmetric case, such that on every orbit of (35) one
may write u, as a ratio of quantities which satisfy both bilinear systems (12) and (29),
with parameters that are linear functions of A\. By combining the above results on the
multiplicative and additive cases, we arrive at the following.

Corollary 34. Consider the general symmetric QRT map (35) with u, = pn/qn, where
the variables p,,, qn satisfy a rational, non-Laurent system which is a variant of (37),
namely

_ Qn—lFT(Ll) - pn—1F7(L2) _ qn—lFf(Lz) - pn—lFr(Ls) (82)
Pn+1 Dn B gn+1 Dn )

with F = qh fO (2

) and D,, = V(pr_1,qn—1) BV (pn,qn) as above. Then p,, and g,
are both solutions of the same Somos-7 relation, namely

Pn+7Pn = Apn+6pn+1 + Bpn+5pn+2 + Cpn+4pn+37 (83)

where the formulae (55) and (56) for the coefficients A, B, C are still valid if we set

a1 = ago — Jboo, a2 = ag1 — Jbo1, az = ap2 — Jbo2, as = a12 — Jbya, ag = azx — Jbaa,

I=—ay +Jbny

in terms of the 12 parameters a;j, by, 0 < i < j < 2 and first integral J = —\, as in
(56), for sym.
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Corollary 35. The variables s, t, in the system (47) both satisfy the same Somos-7
relation, given by (83) but with the coefficients rescaled according to

A— K124, B — KB, C — K*(C,
where on each orbit the constant K is given by

n n— Sn tn
K2 _ Pn+1pP 1, Pn (84)

Pz Pn n

with Pn, qn being the corresponding solution to (82).

Proof of Corollary 35. Since the solutions of (47) and (82) are both related to the same
solution of (35) via u, = $,/tn = Dn/qn, we can introduce p,, = $p,/pn = tn/qn. Taking
the quotient of each side of the second equation (47) with each side of the first equation
(82), and doing the same for the third equation (47) with the second equation (82), leads
in both cases to

Pn+1Tn—1 = anipn—la (85)

while eliminating s, t,, from the first equation (47) gives

TnTn—1 = paQ(Pn, qn)- (86)

Then using (85) in (86) and further substituting for p,y1, ¢n+1 from (82) gives

= const

w11\ ((Pos2on ) QWn,an) Prt1Pn—1
p Proln) _ ., Prtlfnot

P2 Pri1 ~ DnDnpy P}

n
2
= Pn =0 <Kp—;0> K"

for some K, which verifies (84). The quadratic exponential form of the gauge transforma-
tion from p,, to s, means that s, satisfies (83) but with coefficients rescaled as stated,
and likewise for t¢,. If the initial values are chosen so that ro = 1, s = po = wug,
s = p1 = u; and tp = ¢ = t1 = ¢@ = 1 then pp = p; = 1 and hence
K? = py = Dy = V(ug,1)TBV(uy,1). O

7. Concluding remarks

We have applied homogenisation and/or recursive factorisation to symmetric QRT
maps, and have shown directly that this produces systems with the Laurent property.
In the multiplicative case, the resulting system (12), appears to correspond to a pair
of mutations in an LP algebra [23], which would give an alternative way to verify the
Laurent property. However, neither (29) nor the system (47) obtained from the general
symmetric QRT are of the right form for successive LP algebra mutations.
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Our results show that obtaining Laurent systems and using their ultradiscrete (or
tropical) versions is a very efficient method for calculating the degree growth of maps.
For the QRT maps, which preserve an elliptic fibration, the fact that the degree growth
is quadratic is well known in the context of algebraic entropy of maps with invariant
curves [2]. Earlier results on automorphisms of rational surfaces admitting an elliptic
fibration were presented by Gitzatullin [15]. The quadratic growth observed in QRT
maps also fits into Diller and Favre’s classification of bimeromorphic maps of surfaces
in [7], and can be understood by making a sequence of blowing-up transformations which
lifts the QRT map to an automorphism of a complex analytic surface, then considering
the action on homology (see e.g. the discussion of geometric singularity confinement in
chapter 3 of [8]). However, this approach may become intractable for maps in dimension
3 and above, whereas the combination of Laurentification and ultradiscretization extends
to higher dimensions in a straightforward manner.

In future work we propose to consider the analogue of (47) for the general asymmetric
QRT map, as well as Laurent systems for higher-dimensional maps. As a starting point,
it would be worth considering the bilinearization of the discrete Painlevé VI (g-Pyr)
equation presented in [22], for which the autonomous limit is just the multiplicative
version of the asymmetric QRT map.

Acknowledgments

This research was supported by the Australian Research Council, grant DP140100383,
and La Trobe’s Disciplinary Research Program “Mathematical and Computing Sciences”.
ANWH is supported by Fellowship EP/M004333/1 from the Engineering & Physical
Sciences Research Council. We are grateful to the referees for their reports, and especially
to one of the editors, Manuel Kauers, for his detailed comments on the original version
of the paper.

Appendix A

Here we provide an inductive proof of Lemma 19, by making repeated use of two
facts: (i) for a pair of polynomials f, g € K[z1,..., 2] in m variables over a field K with
positive degree in 1, there are polynomials A, B such that Af + Bg = Res(f, g, x1);
and (ii) f, g have a common factor with positive degree in 7 if and only if this resultant
vanishes (see e.g. Proposition 1, section §6 of chapter 3 in [5]). This extends directly to
the case at hand, where the ring of coefficients R is a unique factorisation domain, by
working in the corresponding field of fractions.

As our inductive hypothesis, we assume that (sg,tr) = 1 for 0 < k < n. The base
cases k = 0,1 are trivial, while for £ = 2 we can write

rosa \ [ —F®(s1,t1) FWO(s1,t1) 50 (87)
rota |\ —F®(sy,t1) F®(sy,t;) to )’



246 K. Hamad et al. / Advances in Applied Mathematics 96 (2018) 216-248

and verify directly that Ny = rgse and Ng = 7oty are coprime polynomials in
Rlso,to, s1,t1], and homogeneous in sg,ty and sy,t; separately (of degree 1 and 4, re-
spectively). Moreover, if we regard N, Ny as (linear) polynomials in ug = so/to, then
from the aforementioned facts their coprimality means that there are polynomials A, B
(also linear in wug), whose coefficients are homogeneous polynomials in R[s, ¢1], such that

to_l(AT()SQ + BT‘otz) = ReS(tal’FQSQ, tal’r‘otg, U()) # 0.

As it happens, from the linearity of the system (87) we see that the resultant in this case
is just the determinant of the 2 X 2 matrix on the right, and turns out to be equal to the
polynomial —Q(s1, 1), homogeneous of degree 8, so after rescaling by t2 we have

A/T()SQ + B/’f'otg = 7t(2)Q(51,t1),

where A’, B’ are homogeneous in sg,ty and s1,t; (separately). Upon shifting indices,
by applying the pullback of the map defined by the Laurent system (47), this gives an
identity of Laurent polynomials for all n, namely

A/(sn—ly tn—la Sny tn)rn—lsn—i-l +B/(5n—17 tn—la Sny tn)rn—ltn-‘rl = _ti_lQ(Sna tn) (88)

Now we suppose that s,11 and t,41 have a non-trivial common factor P, and show
that under the inductive hypothesis this leads to a contradiction. Indeed, from the right-
hand side of (88) there are two possibilities: (a) Plt,—1, or (b) P|Q(sn,ts). In case (a),
(47) directly yields

Tn—1Sn+1 — tnle(l)(Snatn) = _snle(2) (Sn,tn)a

Tn—ltn—i-l - tn—lF(2) (3n7t7L) = _Sn—lF(B) (Snvtn)a

therefore P must divide both right-hand sides above, and, since (s,—1,t,—1) = 1 by the
inductive hypothesis, this yields P|F®)(s,,t,) and F®)(s,,t,). By applying the same
argument as in the proof of Proposition 4, we form the Sylvester matrix corresponding
to the coefficients of F(®) and F®) whose determinant is a non-zero element of R, and
since also (sp,t,) = 1 by hypothesis, this gives a contradiction. Thus we are left with
case (b). The fact that sa,t2 are both coprime to Q(s1,t1) can be verified directly, so by
taking resultants with respect to u; and shifting indices this leads to a pair of identities

A:Tn—lsn—i-l + B;Q(Sn; tn) == trij* (Sn—h tn—1)7
Ailrn—lsn-i-l + BJ;Q((%H tn) = tnMRT(Sn—L tn—l)a
where A*, B, Al Bl are homogeneous polynomials in s, _1,%,_1, Sn,tn, M is a positive

integer, and the resultants R*, RT are a pair of coprime homogeneous polynomials in
their arguments. Using the same method as for Proposition 4 once again, the latter
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coprimality means that, since (sp—_1,t,—1) = 1 by hypothesis, P cannot divide both
R*(8p_1,tn_1) and R (s,_1,t,_1), hence P|t,. To finish off the argument, it is enough
to use (s2,t1) =1 = (¢2,%1) and take resultants with respect to v; = t1/s1, then shift to
obtain further relations of the form

Anrn715n+1 + Bntn = sq[{R(Snfl?tnfl), An{rnflanrl + Entn = Srlij(snfhtnfl)

for all n, where L is a positive integer and the resultants R, R are coprime homogeneous
polynomials in their arguments. From (s,,t,) = 1 it follows from the two right-hand
sides above that P|R(sn_1, tn-1), I:B(sn_l, tn—1), which is seen to be a contradiction by
applying the argument used for Proposition 4 once more. This completes the proof of
Lemma 19. O

Analogous arguments can be used to obtain similar coprimality conditions for all
Laurent polynomials 7, s, t, generated by (47), and it appears that more is true: these

iterates should be distinct irreducible elements of R = R[riE!, 50,51, t0,11] for all n.
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