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Abstract

We describe a method to obtain Lax pairs for periodic reductions of a rather
general class of integrable non-autonomous lattice equations. The method is
applied to obtain reductions of the non-autonomous discrete Korteweg—de
Vries equation and non-autonomous discrete Schwarzian Korteweg—de Vries
equation, which yield a discrete analogue of the fourth Painlevé equation, a
g-analogue of the sixth Painlevé equation and the g-Painlevé equation with a
symmetry group of affine Weyl type Eél) .

PACS number: 02.30.1k
Mathematics Subject Classification: 39A14, 37K15, 35Q51

(Some figures may appear in colour only in the online journal)

Introduction

Integrable partial difference equations are discrete time and discrete space analogues
of integrable partial differential equations, which often admit classical integrable partial
differential equations as continuum limits [1, 15, 24, 33]. Integrable ordinary difference
equations are discrete analogues of integrable ordinary differential equations. Integrable
ordinary difference equations admit integrable ordinary differential equations as continuum
limits [7]. Integrable ordinary and partial difference equations possess discrete analogues
of many of the properties associated to the integrability of their continuous counterparts
[7, 30, 39, 42].

We consider partial difference equations whose evolution on a lattice of points, w; ,, is
determined by the equation

O (Wi s Wit 1,ms Wngls Wikl ms1s &, B) =0, 0.1

where o and § are parameters associated with the horizontal and vertical edges respectively.
The equation is imposed on each square on the space of independent variables, (I, m) e Z>.
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From a suitable staircase of initial conditions [31], one may determine w; ,, for all (/, m) € Z2.
Imposing the periodic constraint, that

Wits),m+s, = Wi m, (02)

defines a periodic reduction [31, 22, 43]. We will assume for simplicity that s; and s, are both
positive. In an analogous way to how similarity reductions of partial differential equations
yield ordinary differential equations [6], periodic reductions given by (0.2) yield ordinary
difference equations [10, 29, 31, 43].

Given a partial differential equation with some similarity reduction, there is a procedure
that allows one to obtain a Lax representation of the resulting ordinary differential equation
from the Lax representation of the partial differential equation. This holds for autonomous
and non-autonomous reductions [9]. The discrete analogue of this procedure is fairly
straightforward for autonomous reductions [39, 42, 32], however, there has been no direct
method for determining the Lax representation for non-autonomous reductions [13, 14].

Given a reduction, another task is to determine whether the reduction is a known system
of difference equations. For autonomous reductions, one may be able to find a certain
parameterization which identifies the system as a known QRT mapping [34, 35], which
may be classified in terms of elliptic surfaces [8]. For nonautonomous reductions, one may be
able find a parameterization of the equation that identifies the system as one of the Painlevé
equations, which are classified by the group of symmetries of their surface of initial conditions
[40].

The aim of this note is to demonstrate a method, which we outline in section 1, by
which we may directly obtain a Lax representation of both autonomous and non-autonomous
reductions from a Lax representation of partial difference equations in an algorithmic manner.
The method gives Lax representations in a manner that is general and concise enough to
directly provide the Lax integrability of entire hierarchies of reductions. As an application of
this method, we present a reduction of the non-autonomous discrete Schwarzian Korteweg—de
Vries equation (which is a non-autonomous version of Q‘fzo in the classification of Adler et al
[2, 3]) to the g-Painlevé equation with Eél) symmetry, which is associated with a surface with
Ag) symmetry (or q-P(Agl))):

_ (@1y — D(azy — D(azy' — )(asy’ — 1)
(big*ty — 1) (bagty — 1)

07— Dz 1) = 01(z—a1)(z—ax)(z—a3)(z— 04),

(b1bytz + 0)) (a1arazay + 0,4*t2)
where t' = g%, the a;, b; and 0, are fixed parameters and ¢ is some complex number whose
modulus is not 1. This is the g-Painlevé equation whose group of Backlund transformations is
an affine Weyl group of type Eél) [40].

Our method stands in contrast to two methods of performing reductions of partial
difference equations in the literature, namely the method of Rasin and Hydon [38] which
is based on the existence of certain Lie point symmetries, and the method of Grammaticos and
Ramani, who perform autonomous reductions, then deautonomize the equation via singularity
confinement [36]. While the first method seems to rely on a similar approach to ours, neither
method gives rise to the associated linear problem for the reduced equation. The approach
most similar to our method has been discussed by Hay et al [14], in which the form of the
monodromy matrix for autonomous reductions, and its properties, are used as an ansatz for an
associated linear problem of the non-autonomous reductions of the lattice modified Korteweg—
de Vries equation. A further extension to this work successfully determined the associated
linear problem for a hierarchy of systems [13].

Gz—-1D(@G7Z 1) , (0.3a)

(0.3b)
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To demonstrate our method we first provide some simple examples in section 2. We present
an autonomous reduction of the discrete potential Korteweg—de Vries equation (dKdV) [24],
then present the non-autonomous generalization of this example. In section 3 we first present
the g-Painlevé equation associated with the Agl) surface (otherwise known as ¢g-Pyy [17]) as
a reduction of (3.1) before going to the higher case where we present the above-mentioned
reduction of (3.1) to (0.3), which we believe to be the first known reduction to this equation.

1. The method

We start by imposing (0.2) as a constraint on our initial conditions, then the periodicity gives us
that there are s, +s, independent initial conditions to define. We solve this periodicity constraint
by a specific labelling following [31, 43]; let s; = ag and s, = bg where g = gcd(sy, s52), then
the direction of the generating shift, (c, d), associated with the increment # — n+ 1 is chosen

so that
a b
det (c d) =1.

We specify an n € Z and a p € Z, by letting

a b . I m
n:det(l m)’ p:det(c d) mod g,

where the labelling of variables is specified by
Wy > wh. 1.1

In the case in which g = 1 the superscript will be omitted. The reduction in the autonomous
case is a system of g equations given by

p+d p—c p—c+d, _ _
Q(wf’l,wn_h,w,1+a,wn+a_b,a,,3)—0, p=0,1,...,g—1, (1.2)
where « and $ are constants. In the nonautonomous setting, we have
ptd  p—c . p—ctd,
O(wh, wi wh o wl "y, ) =0, p=0,1,....,g—1, (1.3)

where «; and B, will be, a posteriori, constrained functions of / and m. We will now outline how
to obtain Lax representations for the autonomous and nonautonomous reductions respectively.

1.1. Autonomous reductions

It is known that multilinear partial difference equations that are consistent around a cube are,
in a sense, their own Lax pair [21, 4, 5]. For a generic multilinear equation, (0.1), that is
consistent around a cube, a Lax pair may be written as

¢1+l,m = Ll,m¢l,m, (1.4a)

¢1,m+1 = Ml,m¢],mv (14b)
where

a 9 9 9 O; 9
A av @.7) -0, u,0,0;a,y)
_ v
Liw= 2 | 920(x,u,v,y50,7) 900, 1,0, y;,y) : (1.5a)
dvady ay X = Wim
U= Wiri,m
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00, u,v,0; B, y)

» —0(x,0,v,0; 8,y)
Mim=tan| 9200w, v.y:.y) 90 0.v.y: 8. v) (1.56)
dudy ay X=Wim
U = Wim+1
where y is a spectral parameter. The compatibility condition is
My mLim = Lim i My m, (1.6)

forcing the prefactors, A; ,, and (; ,, to be chosen in a manner that satisfies the equation
detLl,m+1 detMl—H,m
dCtLl,m - detMlym ’

When the prefactors are appropriately chosen, imposing (1.6) is equivalent to (0.1). In practice,
it is often computationally convenient to deal with some transformation of this Lax pair.

To obtain a Lax representation for the system of ordinary difference equations, (1.2), we
define two operators, A, and B,,, associated with the shifts (/, m) — (/ + s;, m + s) and the
generating shift, (, m) — (I + ¢, m + d), respectively. These operators have the effect

¢n = An‘pnv (1.7a)

Gnr1 = Butn, (1.7b)
where one representation‘, that is simple to write, is as follows:

sp—1 s1—1

An < l_[ Ml+x],m+j l_[ LH—i,mv
Jj=0 i=0

d—1 c—1
Bn < l_[Ml+C,m+j l_[Ll-H',nu
j=0 i=0

where the dependence on n and p is specified by

d
Liw (Wi, Wietms ¥) > LE(y) = LD (w?, wl™: y),

Ml,m(wl,m» wl+1,m; )’) = Mﬁ()/) - Mﬁ(wﬁa w,{;;;; V)
The compatibility condition,
Apy 1By — ByA, = 0, (1.8)

is equivalent to imposing (1.2). We call A, the monodromy matrix for the following reason:
by identifying all points in Z? that are multiples of (s, s,) apart, we may consider the space in
which the new system exists as being cylindrical. We wrap around in a manner that connects
the points that are identified by the periodic reduction. The monodromy matrix, rather than
presenting a trivial action as (1.7a) suggests, expresses the action of wrapping around the
cylinder, as in figure 1.

The monodromy matrix can be expressed as a function of the s; + s, initial conditions,
(wg, w2 1 ...,wfjril)_l), by following the standard staircase. Geometrically, the standard
staircase is the path between two lines which squeeze a set of squares with the same values,
i.e. a set of squares shifted by (sy, s2) [43].

One advantage of the generating shift is that every other shift in » may be expressed as
some power of the generating shift by construction [44]. Furthermore, this generating shift
allows us to constrain the nonlinear component, where we need to use (1.2), to just g places.
We have illustrated the standard staircase and generating shift in figure 2.

' In practice, the product follows the path of a standard staircase [44].
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Figure 1. A pictorial representation of the way in which the monodromy matrix wraps around to
similar points for a (9,6)-reduction. The points wg given for reference to figure 2.
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Figure 2. The full labelling of variables in the (9, 6)-reduction of figure 1. In this example, the
shift (p, n) — (p+ 1, n) corresponds to the shift (a, b) = (3, 2) and the shift (p, n) - (p,n+1)
corresponds to the shift (¢, d) = (1, 1).

In the example defined by figure 2, if we allow our monodromy matrix to follow the
standard staircase, the monodromy matrix is

Ay < Liyg mr6Miys masLisrmysLive mesMive myaLlivs mraMivs mi3

XLitam3Li13,m3Mi3 meaLigo,moMiy 2 m 1 Livct,m1 Lo me tM o m,
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and the other half of the Lax pair is
Bn < MI+1,le,m~

The resulting compatibility condition, (1.8), gives the evolution equations for the w!

n+1°
i=0,1,2:
1 2 0 1. —
Q(wn—Z’ W4, wn+l’ Wy, &, ,3) - 0’
2 0 1 2 . —
Q(wn—Z’ Wy_gy Wy 1, Wy &, ,3) - 0’
0 1 2 0 . —
Q(wn—Z’ Wy_g> Wy p, Wy s &, ,3) =0.
In general, this procedure gives us an s; + s, dimensional mapping,
¢ . (Csl-‘rsz N C51+52
. b
; ; 0 ,,0 g1 ; 0 0 g1 ;
which, applied to (w,,, Wyygs oo wn+a+h_l), gives (wnH, Wyins-ees wn+a+h). This new set

of values forms a new standard staircase. As a matter of fact, this new standard staircase is the
old one translated by the generating shift.

1.2. Nonautonomous reductions

To deautonomize this theory, we consider the @ and g to be functions of / and m. As L; ,,, and
M, ,, are shifted in only m and [ respectively in the compatibility condition, (1.6), replacing o
and B with o and B, which are arbitrary functions of / and m respectively, preserves the Lax
integrability. Hence, our basic non-autonomous lattice equations may be considered to be of
the form

Q(wl,ma Wi+1,ms Wim+1s Wi+1,m+15 A, ,Bm) - O, (19)
where the Lax representation is specified by (1.4) where

00(x, u,v,0; a1, y)

3 —Q0(x,u,0,0; 1, 7)
— v
L= | 920(x v,y 00 y) 000k 1.0, y: 0. y) (1.10a)

dvay ay X=Wim
U= Wi+i,m

_BQ(X, M? U’O; ﬁmv V) —Q()C, 0, U,O; ﬁm,)/)

— ou
Miw =t | 020(x, u,v.y: fu ) 9Q. 0,0, B ) (1.105)

dudy dy X = Wi,m
V= Wi m+l1

where y is a spectral parameter and the prefactors, A;,, and p; ,, are chosen to satisfy the
compatibility conditions, in an analogous manner to the autonomous case.

If one assumes that the o and S are functions of both / and m, i.e. « = o, and B = By s,
then demanding that «; ,, is independent of m and B, ,, is independent of / has also been shown
to be a necessary condition for singularity confinement for equations in the ABS list [11]. The
above constitutes a Lax pair interpretation of this constraint.

6
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Table 1. A list of various lattice equations (taken from [2, 3]) in a suitable form for non-autonomous
reductions.

ABS  Q(x,u,v,y; a1 Bn)

Hla (w[,m - wl+1<m+l)(wl+1,m - wl,m-H) + ﬁm —
ﬂm+l .8m+1 Ollz
Hlm (w[,m — —— Wi, m+1 Witl,m — ——— Wi m+1 + 1- ry
B B B
ﬁm+1 ﬂm+1 a[Z
Hzm Wim — —— Wit1,m+1 Witl,m — — Wim+l | — Y
Bm B o

o m
+ (1 - Fl) (wLm + Wipim + %(wl,m+l + w1+l‘m+l)) +1

m m

o
§=0 !
H3, — (Wi Wit m + Wit Wik t,me1) — (Wi Wit + Wip 1 m Wit 1, m+1)

ﬁm
2 2
s£0 9 Bt
H3)” 27 (wl,mw1+1,m + = wl.m+lwl+l,m+l>
m m
Bt of
- (wl.nzwl.n1+l + w1+l,mwl+l,m+l) + 8 Y
Bm B4
— o
5=0
Ql,, F(wl,m — W) Wik 1m — Wigtme1)
m

_(wl,m - wl+l,m)(wl,m+l - w1+l.m+l)

2
15#() Q; ﬂerl ﬂerl
Q m 22 \ Wim — 7/3 Wi m+1 Witri,m — 5 Witlm+1
m

m ﬂm
Bt Sa? [of
- Wi = Wig1,m) Wimst — Witmr1) + 75 | 27 — 1
ﬁm ﬁm m
2 2
o Brsi Bt
sz e (lerl,m - szH»l,erl Wim — szl.nﬁrl
ﬁm m m
2
_ FPm+l

(wl,m - w1+l,m)(w[.m+l - w/+|,m+1)

5
2 2
o o Bt Bosi
- (7 - l) (wl,m + Wit1,m + mTwl.WH»l + szlJrl,nH»l
ﬁm ﬁ”‘l m ﬁ

o [ o )
Y (TR A
ﬁ"l <IBYI'I )(ﬂ’%l 13n7 +

Let us now specialize our choice of systems to those that admit representations of the
additive form

O (Wi s Wit 1,ms Wimt1s Wit mt15 &€ — B) =0, (1.11)
or the multiplicative form
o
Q Wi ms Wit1,ms Wim+1s Wi4+1,m+15 /3_ - 07 (112)
m

with a possible additional dependence on «;+1 — «; and B,,+1 — B in the additive case, or
o1/ and Byp1/By in the multiplicative case. A list of transformed equations appears in
table 1, where subscripts m and a denote those functions, (0.1), dependent on a multiplicative
or additive combination of «; and B, respectively. This list is restricted to equations that we
could find transformations to forms admitting additive or multiplicative reductions. This does
not include the equations Q3 or Q4.
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With each lattice equation written in terms of «; — B, or «; / B, the necessary requirement
for (0.2) to be consistent is the requirement that

a— By = s — ,3m+x27

in the additive case, and

ﬂ gy
IBm ﬂersz ’
in the multiplicative case. By a separation of variables argument, we define / and ¢ by letting
Upys, — O = Buys, — Bm 1= habg, (1.13a)
Ufts — ﬁm+sz — qabg’ (113b)
o Bm

in the additive and multiplicative cases respectively. Although it is not a technical requirement,
we will assume that % is not 0 and that ¢ is not a root of unity. We solve the additive and
multiplicative case by letting

oy = hib+a;, B, = hma-+b,,

) = Cll(]bl, Bm = bmqamy
where a; and b,, are sequences that are periodic of order s; and s, respectively (not related to
the constants, @ and b). This choice of «; and ,, ensures the consistency of the reduction with
as many degrees of freedom as the sum of the orders of the difference equations satisfied by
oy and B, (1.13a) and (1.13b), i.e. s1 + s2.

To provide a non-autonomous Lax pair for the non-autonomous reduction, we need to
choose a spectral variable, x, in a manner that couples a linearly independent direction with
the spectral variable, y. While any linearly independent direction may be considered a valid
choice, we present a simple choice. Our choice of spectral parameter is specified by introducing
the variable k = [ and x = hbk — y in the additive case and x = ¢”*/y in the multiplicative
case. In the additive case

Ly =Lim(os —y) = Ly(a; +x),
My = Mipm((Bn — 1) + (a1 — ) > My(x + hn + by),
and in the multiplicative case
Ll,m = Ll,m (Oll/J/) = Ll,m (alx)7
M =M ((Bu/a)(e/y)) = M/.m(bqun)~
This gives us a non-standard Lax pair, which, in the additive case reads
Y, (x4 abgh) = A,(x)Y,(x),
Yn+l (X + Cbh) = Bn (—X)Yn (X),
and in the multiplicative case reads
Y, (q™x) = Ay (Y, (),
Yur1(q"x) = By (0)Y, (),

where
5271 S171
Ap(x) < 1_[ My s myj 1_[ Litim, (1.14a)
Jj=0 i=0
d—1 c—1
Bn ()C) < 1_[ Ml+c,m+j 1_[ Ll+i,m- (1 . 14b)
Jj=0 i=0
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Figure 3. The labelling of initial conditions with (2,1) periodicity and an evolution in the (1, 1)-
direction.

The compatibility conditions,
Apt1(x + cbh)B, (x) = B, (x + abgh)A, (x),
A1 (§"2)B, (x) = B,(g"0)A, (1),
in the additive and multiplicative cases respectively, gives us (1.3). This choice of spectral

variable has the advantage that the spectral matrix and deformation matrix, A, (x) and B, (x),
have a simple dependence on the independent variable, 7.

2. Some simple examples

In this section, we present some examples of the theory above. An example that has appeared
recently is the example of g-Py; as a reduction of the discrete modified Korteweg—de Vries
equation [28], which also gave rise, via ultradiscretization, to the first known Lax representation
of M—PVI.

2.1. Autonomous example

We consider some additive examples, in particular, we will consider reductions of the dKdV
equation,
(wl,m - wl+1,m+l)(w/+1,m - wl,m—H) = — ,89 (21)

labelled as H 1, in table 1, which possesses a Lax representation of the form (1.4) where L, ,,
and M, ,, are specified by

Ll,m — <wi,m o=y — w/.mwl+l,n1) , (220)
—Wi+1,m
_ [ Wim B =Y — W mWimi1
M, = ( : S ) . (2.2b)

Let us consider a reduction, (0.2), where s; = 2 and s, = 1, with a labelling indicated in
figure 3. This givesus g = 1,a = 2 and b = 1, hence n = 2m — [, and the direction that
characterizes the generating shift, (¢, d), is chosen to be (1, 1).

The product formula for the monodromy matrix, A,, and the matrix that is related to the
generating shift, B, are

Aﬂ = Ml+2,mL1+1,le,m
(w,, B—y— wnwn+2) (wn+1 o —Yy - wnwn+1> (wn+2 o —Yy = wn+1wn+2)

1 —Wy 1 —Wn+1

1 —Wp+2
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Bn = M/-H,le,m

_(Wnt1 B— Y — Wpt1Way3 Wpt2 O =Y — Wyt Wpt2
1 —Wp43 1 —Wp41

The compatibility condition, given by (1.8), reads
M3 m1Liomi Ly, me iMir mLam = Mig3 1 Livo, me i Migo, mLie mLa -
This simplifies to

L1+1,m+lMl+1,m = Ml+2,le+1,mv

Wpt3 O — Y — Wpp2Wp3 Wpr1 B—Y — War1Wp3
1 —Wy42

[ Wn IB — Y — WyWpp2 Wpt1 & =Y — WplWp4
1 —Wp42 1 —Wy ’

which defines the evolution of this autonomous reduction to be given by the equation

1 —Wn+3

(W — Wn33) Wyt — Wpy2) =@ — f. 2.3)
If we let y, = w, — w,4, this equation is equivalent to
o—p
Yn—1FYn + Ynt1 = ) (2.4)

n

which is a well known example of a second order difference equation of QRT type.

2.2. Nonautonomous example

The autonomous equation and Lax representation generalize naturally to the non-autonomous
case by replacing o and B8 by «; and B, respectively. Furthermore, we may satisfy the
periodicity constraint,

a2 — o = Byt — B = 2h.
We solve this constraint by letting

a;=hl+a, ﬁm = 2hm + by,
where ¢ is periodic of order two and b,, is constant, and hence, may be taken to be 0 without
loss of generality. The evolution equation for this system may be represented as an application
of the nonautonomous version of (2.1) translated by the vector (1, 1);

(Wn — Wy3) (Wat1 — Wnt2) = A1 — Bumr1s (2.5)
recalling that n = 2m — [. The increment in / and m by 1 directly corresponds to the increment
in n by 1. In the simplest case where @; = a; is constant (rather than periodic), letting

Yn = Wy — Wp+1,

results in the evolution equation

o1 — B —hn —h+ a;
Yn+ Yot +Yn2 = e m = )
Ynt1 Yn+1
or alternatively
—hn+ ay
Yn—1+Yn+ Ynt1 = —y . (2.6)
n

To form the Lax pair for this reduction, we choose a spectral variable to be

x=hl—y.

10
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Since o and B,, appear with y in L; ,, and M, ,,, this gives us

o—y =hl—y+a =a +x

Pm—y =2hm—y =hn+x,
which means we may interpret our / and m variables in terms of x and n variables. The
(U,m) — (I+2,m+1)shiftand (/,m) - (I +1,m+ 1) gives us (n,x) — (n,x+ 2h) and
(n,x) — (n+ 1, x4+ h), hence, we have a linear system of the form

Yu(x +2h) = A, (0Y, (x),

Yup1 (x + h) = B, (0)Y, (x),
where
An(X) < Mo mLiymLim

[ Wn hn + X — wyWp42 W1 A2 + X — WyWpt Wpyo A1 + X — Wy Wyq2
1 —Wp42 1 —Wy 1 —Wp41 ’
Bn(x) < Ml+1,le,mv

[ Wap1 A+ X — Wy W3\ (Wat2 @1+ X — Wap 1 Weyo
1 —Wp43 1 —Wpi1

The compatibility condition is
An+1 ()C + h)Bn (x) =B,(x+ 2h)An (%), (27)

which gives (2.5). To express everything in terms of y, = w, — w,y;, we use the
matrices obtained from applying a gauge transformation, L; ,, — Sljrll mlimSim and My, —
s M ,S;.m, where

I,m+1
1 Wi m
S/,m - (O 1 ) s

in which case A, (x) and B, (x) are given explicitly in terms of products of matrices with entries
expressible in terms of the y, variables:

Ap(x) = (‘Y"‘ynﬂ <yn+yn+1>2+hn+x> (yn a1+h+y§+x)

1 —Yn — Yn+1 1 Yn
« (Y1 @ +y,2,+1 +x ’
1 Yn+1
B,(x) = <_)’n+1 — V2 Onrt + Yas2)? + hn +X> (}’n+1 ai +yﬁ+l +X>
" 1 —Yn+1 — Yng2 1 Yn+1 ’

for which (2.7) now gives (2.6) as required. We recover Lax matrices for (2.4) by letting
A, = IlimA,(x),
h—0
B, := lim B, (x),
h—0
whose compatibility, (1.8), gives (2.4) where « — 8 = a;. This is a way in which the autonomous
and nonautonomous reductions are related.
While the simple case above demonstrates the basic mechanisms in the method, the

periodicity constraint allows us to build in an extra variable. If we allow the full generality of
a periodic value of gy, by letting

o — hl + a; wherelis odd,
"= Yhl +a, wherelis even,
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we obtain
An (X) < Ml+2,mL1+1,le,m
A, = (% hn+ X — wuWpi2\ (Wagt @2 +X — WaWpg1 \ (Wt @1 + X + Wy Wpgo
n -
1 — Wy 1 —wW, 1 — Wy ’
Bn(x) < Ml-&-l,mLI,m’

[ Wap1 A+ X — W Weg3 | (Wat2 @1+ X — Wo 1 Why2
B,(x) = .
1 —Wp43 1 —Wnp+1
The compatibility condition needs to take into account that the shift, (n,x) — (n+ 1, x+ h),
also shifts the position on the lattice, hence, we need to couple the nonlinear component with
a swapping of the roles of a; and a», hence, the compatibility condition, given by (2.7), results
in the evolution

(wn - wn+3)(wn+1 - wn+2) =hn+ az,
a, — a + h, a, — a; — h.

If we restrict our attention to even powers of this map, the a; are constant. We proceed to
specify a change of variables, which is motivated by some historical context. In the 1980s,
Novikov and Veselov formalized the derivation of the Hamiltonian structure of hierarchies
of soliton equations from their Lax representations [45, 19]. The Darboux coordinates are
the poles of the Baker—Akhiezer function and the eigenvalues of the spectral matrix at these
poles, which for 2 x 2 matrices coincides with the roots in the spectral variable of the
off-diagonal elements and the diagonal elements evaluated at those roots. The Hamiltonian
description of the isomonodromic deformations of [16] are expressed in these coordinates.
While the link between the symplectic structure for discrete Painlevé equations and the
discrete isomonodromic deformations is not as well developed, it is interesting to note that the
parameterizations of many known discrete Lax pairs are provided in terms of these coordinates
[20, 41, 17]. Perhaps a discrete analogue of the Baker—Akhiezer function holds the key to
linking the geometric theory and the theory of discrete isomonodromic deformations. It may
also provide an algorithmic manner of describing the symplectic structure for hierarchies of
equations.

Our new coordinates are (y,, z,) where y, is the root in the spectral variable of the (2, 1)-
element and z, is a variable which parameterizes the diagonal elements at this root. In the
lattice variables, w,,, these are

Yn = (Wpi2 — Wy) (W2 — Wyy1) — a2,
_ (Wny2 — wy) (yn + a1)
B Yo + nh

from which we extricate the second-order system

n ’

Yo+ Y2 = 72 — (a1 + @),
_ (yn+2 + al)())rH—Z + az)
Yn2 + (n+2)h)

ZpZp4+2 =

This system is equivalent to

(yn + al)z(yn + aZ)z
(v + nh)?
which is a special version of d-Pyy [37]. The second power of the generating shift is equivalent

to the shift (I, m) — (I, m + 1), hence, a simplified Lax representation for this system is

Y,(x+2h) = A, ()Y, (x),
Yn+2(x) = Bn(.X)Y,,()C),

El

O +yn2tar +a)u+Yyu2 +ar +ax) =

12
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where B, (x) <= M; ,,. We may simplify the spectral matrix, via a gauge transformation, to be

n+a)(yn + a2) >
An(x) = B Zn o +8x+6 )
X —Yn (Yn + nh)z,

where
8=y, +a+ay+hn,
€ = (n+hn)(yu +ar) + (hn+ y, + apaz,
and a deformation matrix, under the same transformation, becomes

[z X+ hn + 22
Bn (-x) - < 1 _ Zn .
Using this method, one is able to provide product formulas for the Lax representations of ¢-Py,
q-Pv of Hay et al [14] and the Lax pair for a version of g-Pyyy of Joshi et al [18]. Furthermore,
this shows and explains that the Lax pairs for the reductions of [14] factorize in a nice way.
The resulting factorizations provide a simple way to compute the compatibility.

3. Reductions of dSKdV

We consider periodic reductions of the nonautonomous discrete Schwarzian Korteweg—de
Vries equation;

1 1 1 1
o + = ﬁm + )
wl,m+l - wl+1,m+l wl+1,m - wl,m wl+l,n1 - wl+1,m+l wl,m+l - wl,m
(3.1)

which possesses a Lax representation of the form (1.10) where

1 Wim — Witl,m
Liw= o . , (3.20)

Y (wl,m - wl+l,m)

1 W — Wt 1
M, = Bm |

14 (wl,m - wl,erl)

(3.2b)

3.1.q-P(AY")

Recently, one of the authors derived a g-analogue of the sixth Painlevé equation (or q-P(Agl)))
as a reduction of the non-autonomous modified Korteweg—de Vries equation [28]. This work
demonstrated the specified method where the transformation between the lattice variables, the
w;, and the Painlevé variables was relatively simple. We provide a similar but more complicated
relation between the lattice variables for the discrete Schwarzian Korteweg—de Vries equation
and the Painlevé variables of q-P(Agl)).

We now provide a new reduction of the lattice equation to a version of g-Py; given by

;o biby(z — 1)(¢*z — 1)
@ (bibat — 612)(bibat — 62)

»y (3.3a)

big*ty — 1) (bag*ty — 1
o — ( 1;1 y / ) (bag°ty ) ¢ =, (3.3b)
g (@y — D(ay — 1)

13



J. Phys. A: Math. Theor. 46 (2013) 095204 C M Ormerod et al

.

w% wh
Y w% ‘
w3 Wy
w) i
Wi w;
ST

Figure 4. The reduction and the labelling of variables.

where 6010, = ajab;b;. This extends our previous result in [28] by the addition of an extra
parameter, which represents an integral that is used to reduce the order of the map, given by 6,
(or 6,). Obtaining a g-analogue of the sixth Painlevé equation from a discrete analogue of the
Schwarzian KdV equation has some historic significance as it could be considered a discrete
analogue of the reduction of the Schwarzian KdV equation to the sixth Painlevé equation
[25,26].

We consider a reduction of (3.1), given by (0.2) where s; = s, = 2. The labelling, given
by (1.1), is depicted in figure 4. The constraint, (1.135), becomes

a2 Pt
2 (3.4)
(&) Bm
which introduces the parameter g.

We satisfy the periodicity constraints of (3.4) by explicitly setting

arq' iflis odd, brg™ if mis odd.

Naturally, the dependent variable, n, is invariant along the direction of the reduction. The
correspondence between the associated linear problem here and that of Sakai [41] is made
more natural by specifying an independent variable, ¢, and our spectral variable, x, following
previous sections:

arq’  if I is even, big" if mis even,
o = ﬂm =

! k
l‘:qm_l:qn7 x:%:%

For the sake of clarity, the reduced lattice variables may be regarded as functions of ¢ or n
under the identification

wﬁ,+k = wi(qkt),
so that the shift n — n + 1 is equivalent to the shift 1 — ¢r. We know that the shift,
(I,m) — (I +2,m+2), is equivalent to the shift (x,7) — (¢°x,¢). Sincea = 1 and b = 1,
the direction of our generating shift is (/, m) — (I, m + 1), which is equivalent to the shift
(x,t) — (x, gt). This gives us a Lax pair of the form

Y(qx, 1) = A(x, Y (x, 1), (3.5a)

Y (x, gt) = B(x, )Y (x, 1), (3.5b)
where the matrix A(x, t) is given by the product

A(.X, t) < L/+1,m+2Ml+1,m+lL1,m+1M],mv (36)

14
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1 0 1 _ .1
1 wn+l —w, 1 wy wn+1
A =|__ax | txby 1
1 —_ 0 1 1
Wy Wy W, — W,
0 1 0o_,,0
1 Wy — Wy, 1 Wy — W,y
X apx 1 txb; | . 3.7
N —— I ——
n+1 n w, wn+1

The deformation matrix, B(x, t), corresponds to the shift m — m + 1, hence, is given by

B(X’t) (_|Ml,mv (38)

1 wg — wSH
B(x,t) = txby . 3.9
w,? - w2+1

The compatibility condition, written as
A(x, qt)B(x, 1) = B(¢x, DA(x, 1),

yields the evolution equation

s B SN S S
al(wn 1_w3)+tb1(wz_wyll 1) q
1 ar(wi)_, — w))wy + thyw)(w, — w)_,)
= , b by. 3.10b
U T Tl )t (el —u) e GO

Notice that the generating shift swaps the roles of b; and b,, coupled with multiplicative
factors introduced to compensate for the dependence of §,, on ¢”. We claim that the second
iterate of this mapping is q-P(Agl)). To make the full correspondence with (3.3), let us expand
out (3.7) to give a matrix of the form

A(x, 1) = Ag + Arx + A2,
where Ay = I and the eigenvalues of A, are 6, and 0,¢, where
tblbz(wo — wl)(w0 —w! )

91 — n+1 n n n+1 ,
(w?l - w?l_H)(w}l - wr11+1)
A et}
[(w2+1 - w}l)(wg - wrlH—l)
where 6; = 6;(n) satisfies
611+ 16 (n) = "‘“zﬂ

02 (n+ 1)0,(n) = gajasb1 by,

hence, 6;(n + 2) = 6;(n). That is to say that 6, and 6, are 2-integrals of the generating shift
[12], with the additional constraint

9192 = alazblbz.
Secondly, from the product form, we have that

detA(x,t) = (a;x — 1) (apx — 1) (byitx — 1) (batx — 1).
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In accordance with the motivation given in the previous section, we choose to parameterize
the spectral matrix, A(x, t), in terms of the x-root of (2, 1)-element of A(x, ¢), and the diagonal
entries at that root. This provides us with a spectral matrix in the curious form

tx(x—yn+ )01 +1 tx8,w,0>
Alx, 1) = tx(x — y,)0 , (3.11)
( y)l tx(x_yn+’7i1)02+1
a)l‘l
where
-1 -1
= (ynal z()’ndz )’ Ny = (bltyn — 1)(b2tyn — 1)z,.
Fixing the determinant requires that
1 1 1 1
8"=_+_+_+__2y+€n+77n

ag as byt byt
Under this identification, the y, and z, are specified by the lattice variables
o =—[(w, = wz£+1)((w2+l —w,)(a(w 1~ 0) + bit (w, - 111+l))
Far (wy = wyy) (W) = wyyy)) + bar (wy) — wi ) (Wi — w,) (wy) = w)]

)
[blt( wyy — w,) (a2 (w MR Wot) (Waiy —wy) + bot (w) —w,)
2

x(wg - wn+l)) - alaZ(u’S - w?m)( - n-H) ] (3.12a)
Zn = [(wg - w;H)(w}l - w;+1)(“1(w2+1 - w,?)(w}l - w;+1)

_th(wg - w2+1)(w2+1 - wrll) hlt( Wy — ;+1)(w2+1 - w;))]

[ (wh = wpi) (Wi — wl)((wi = Wy (@w, — axwy,,

+(ar — apw,,,) + bat(w, — wy) (wh —w, )] (3.12b)

We may now make the correspondence with (3.3) via the identification that y = y,,
Y = Yui2,2z = z, and 2’ = z,,,». One may verify (3.3), remarkably using the evolution (3.10)
alone. We also have the gauge factor, given by

Wy [b b2l ( Wy w;) g (wg - wrlz+l)2] [blt( n+1 w/ﬁ)

x (a2 (ng —Wyy) (wi+1 —w,) + b2’( Wy w,ﬁ) (wg - wi+1))

—anay (wy = wyy) (w, = wy)?],
which satisfies the equation

Wny2 (za — D (01 (zp(a2yn — 1) + 1) — astbibyyn)

on  yu(Orz0 = 1h152) (@3 + O1ty, — ar(t(by + b2)y + 2, — 1)

We may now parameterize the deformation matrix for the double shift in terms of y,, z, and
w, as

Blx,t) =1
x(0; —thby) 8,y 6>
br+by+ (& —yu) 61 b1+ by + (& — ya) 01
X((lbl On—=8&)—D6 — lb%) ((lbz O—=¢)—D6o — fb%) xbiby (by + by + (5 — ya) 61) 12
Spwp (6) — th1by) 6, 6, —tbb,

Curiously, the coefficient of x is lower triangular and the constant coefficient is upper-triangular.
This rather simplified Lax pair comes at the expense of the requirement that the variables y,
and z,, explicitly lie on the biquadratic

16
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Tuf
wl Wl wl Tl
wi Wl w] wh Wl wl
w] wh ) Tl Wl w
L 2

>
w) w}

Figure 5. The reduction and the labelling of variables.

Vy,z,0) =601z — 1D —0y(z— 1) ((a1 + @) z — t (b1 + b2))
+y? (a1azz — O11) (12 — thyby) = 0,

which makes the computation of the compatibility condition,
AW, ¢*DB(x, 1) = B(¢*x, DA(x, 1),

slightly more difficult. One can verify directly thatV (y, z, t) = O implies thatV (', ¢*z, ¢*t) =
0 and V(y,7,¢*) = 0 under the evolution defined by (3.3). This forms an explicit
parameterization of the member of the pencil of biquadratics for each ¢. The existence of
such a parameterization is not without precedent, and has appeared in the work of Yamada
[47] and Noumi et al [27]. We do remark that it is interesting that this explicit dependence on
the bi-quadratic curve essentially came from a condition on the Lax matrices.

3.2.q-P(A") as a reduction of dSKdV

While a reduction to q-P(Agl)) has been provided by one of the authors previously [28], we
know of no reduction from an integrable lattice equation to any member of the hierarchy above
q-P(Aél)). We wish to extend this further and consider reductions of a Painlevé equation that
is higher up in the classification scheme; namely the g-Painlevé equation with Eél) symmetry,
which is associated with a surface with Aél) symmetry, (or q—P(Aél))), given by (0.3). We
will find that this equation appears as a reduction of (3.1), or Q1= or the non-autonomous
discrete Schwarzian Korteweg—de Vries equation [23].

We impose (0.2) on (3.1) with s; = 4 and s, = 2, hence, our constraint, (1.13b),
becomes

Ai+4 Bm+2 4

o) ﬂm
which we solve in a similar manner as before;

aig’ ifl =0mod4
_Jaq ifl=1mod4 5, = big®™ if m=0mod2
U= Vayd ifl=2mod4’ P \bg? ifm=1mod2"

asg’ if 1 =3 mod 4

We use the same Lax pair for (3.1) as the previous section, namely (1.4) where L; ,, and M, ,,
are specified by (3.2) with a labelling of initial conditions shown in figure 5. The ¢-direction is
also chosen to be constant in the direction of the reduction. We choose our spectral parameter,

’

(3.13)

17
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x, and independent variable, ¢, in a manner in which correspondence with q-P(Agl)) comes
more naturally, that is

k !
2m—I n _q__q_

14 14
We note that the generating shift is no longer just a shift in m alone, but a simultaneous shift
inl and m,ie. (I,m) — (I +1,m+ 1), hence we present a Lax pair that represents the
shift (/,m) — (I + 4, m + 2), which is now equivalent to (x,7) — (q4x, t), and the shift
(I,m) - (I + 1, m+ 1), which is equivalent to the shift (x,#) — (gx, gt). Hence, our Lax
pair is a linear system satisfying

Y (q*x, 1) = A(x, )Y (x, 1), (3.14a)
Y (gx, qt) = B(x, )Y (x, 1), (3.14b)
where we compose A and B in terms of L and M in the following way:
A(x, t) <= Liy3 me2Liv2,m2Mio i Lt e Lo m 1M s (3.15a)
1 w;(1)+1 —w, 1 wi11+2 - wﬁ.)ﬂ
Alx, t) = Xay | xas !
0 _ 1 1 _ .0
wn+1 wy, wn+2 wn+l
1 wd—w) ., 1 wh, —w)
xa
X . txb; 1 | : 2 . 1
wy, — wn+2 w”'H — Wy
1 w2+2 — Wy 1 w, — w2+2
% Xay txby . (3.15h)
0 1 1 o0 1
Wyyp = Wy Wy, — W,,»

The deformation matrix may be written as

B(x,t) <= Ly 1M, (3.15¢)
1 0
1 Woy — Wy 1 W, = W,y
B(x,t) = xap 1 txb; ! , (3.15d)
w;(1)+2 - w;lz+1 w, — w2+2

where we have written these as functions of x and ¢. The compatibility of the system defined
by (3.14) is given by

A (gx, gt) B(x, t) = B(g*x, DA (x, 1). (3.16)

One may use (3.16) to derive the required evolution equations; the equations defining the
evolution may be written as

0 1 1 1 1 0
0o _ a4(w,172 — wn)wn_l + botw, (wn—l — w"*Z) (3.17a)
n+1 — a (wO _ wl) +b t(wl — U)O ) ) .
4 2 n 2 n—1 n—2
0 1 0 0 ! 0
1 _ azwn_l(wn_z - wn) + blt(wn—l B w'l—Z)w” (3 17b)
Wy = T b O+ brrw? ’ .
w, ,(ay —bit) —aywl + bitw, |
ar as a4
“ ;’ a — ;, a —> —, a4 —> 01‘13’ (3.17¢)

18
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by — by — ¢%by. (3.17d)

2
? i
The difficult step is to extract a second order system from this seemingly sixth order
system via some special parameterization. To do this, we observe the properties of (3.14) as
an associated linear problem. Firstly, expanding out (3.150) in the spectral parameter, we find

A(x, 1) = Ag + Ax + Apx® + A3x®,

where Ay is the identity matrix and Aj is a lower triangular matrix with diagonal entries 0;¢

and 6,¢, where

aazby (wzi - w2+1)(w2+2 - wrlt+1)(w2 - w;i+2)

0 1 0 1\ (71,0 1

(wh = wap) (wiyo — wh) (wiyy — wyy0)

0 1 1 0 0 1
) = a1a4b2 (wn B wn+l)(wn - wn+2)(wn+l - w11+2)

0 1) (7,0 1 0 1 ’
(i —wp) (W —wpyy ) (wh —wy )

where 0; and 6, are invariants in accordance with the evolution equations, given by (3.17).
The simplicity of the individual factors of A(x, ¢) from (3.15b) give us that the determinant is

detA(x, ) = (xa; — 1)(xar — 1)(xaz — 1) (xaq — 1) (txby — 1) (txby — 1). (3.18)

These properties should remind us of the properties of a special case of the spectral matrix in
the Lax pair of Sakai [41]. We may simply use a transformation of the formY (x, t) — SY (x, ¢),
where § is a lower triangular matrix that is constant in x such that the transformation
A — SAS™! diagonalizes A;. While this matrix, S, is not particularly nice to write down,
the resulting matrix is in the general form

Ot ((x —y)(x —€,) + &) Ortw, (X — y,)

A(x,t) =x 01t (xy, + 85)
— Oat (X — yn) (X — Xu) + 1)

The terms €,, x,, ¥, and 6, may be determined from (3.18) in terms of y, and ¢,, n,, the a;s
and the b;s. The relation between this form of A(x, ) and the known Lax pairs of Sakai [41]
and Yamada [47] has recently been found by one of the authors [46]. Following the motivation
from the previous section, this parameterization defines y, to be the root of the (1, 2)-entry,
leaving a choice of ¢, and 5, such that

(01t8nyn + 1) (O21n,y, + 1) = detA(yn, 1),
where the right-hand side is defined by (3.18). With this in mind the defining equations for ¢,
and n, are

1=

3

91f€'n}’n + 1= (1 - ynzn) (bltyn - 1) (bZIyn - 1) s
(a1yn — 1) (a2yn — 1) (a3yn — 1) (@ayn — 1)

Oatnuyn + 1 =
(1 = yazn)
This specifies y, and z, in terms of the lattice variables:
n = [(w2+2 - wrl:+l)((w0 = W) (W = W) (bZt(WS - wrl:)(w2+l — Wy10)
—a3(w)yy — w,) (w, — w2+z)) + az(wo = w,) (w, = W) (W) — w,5)
X (Wya = wiy)) + ar (wy — n+l)( — W) (Wheo — w,) (W — w,)
X (Whay = wapo) ]+ [ (wy = wyy) (Who — wy) (a3 (wyey — w,)
X(ws - wrl:+2)( Wy — n+1) + b2 ( wy, n-H)( - wr11+2)
X(wS_H - wrl:+2)) - a2a3( Wy — )( n+1)(w2+2 - wrl:+1)
x(w) = )], (3.19)
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Zn = [a, (wg - wrl:+l)((w2+2 - w,er)(ag( 2+1 - wl)(w,? w,i+2)(w,11+2 - wrlz+l)
+hat (w)) — Wr) (W, — wyy) (wyy — W,2)) — a2(w 0+ — W)
X (w;) - w;11+2)(w;11+2 - w:i)(wn-s-z n+l)) + aZa?( Wy — wrll)

x(w2+2 - w;+1)(wr]:+1 - w;+2)(wz(1) - w;11+2)2] - [(WS - w,1+2)

X (Wyo = Wy ) () = o) (@1 (wio — w,) (a1 — wys0)

_bZt(wg-n - w111+1)(wrlt - wr11+2)) + a2(wrl: - wrlr+1)(w2+2 - wrl:-H)

x(wy — wy5))], (3.20)

which satisfy (0.3a) and (0.3b) under the identification of y = y,, z = z,, ¥ = y,44 and
7 = z,.4. While these expressions may fail to be succinct, they do succeed in being very
explicit. Furthermore, using this identification, it is possible to directly verify (0.3a) and
(0.3b) from (3.17) alone.

4. Conclusion

Given a nonautonomous partial difference equation which admits an additive or multiplicative
form, (1.11) or (1.12), we have outlined a direct method for finding a Lax representation for
any periodic (travelling wave) reduction of the form (0.2). The method outlines how the Lax
matrices may be expressed in terms of products of the Lax matrices of the partial difference
equation from which it was derived.

We have shown that the method applies to deautonomized versions of the equations in the
ABS list, with the exception of Q3 and Q4. We have concentrated on two cases, the discrete
Korteweg—de Vries equation and the discrete Schwarzian Korteweg—de Vries equation. We
have also found the relation between the derived reductions and discrete Painlevé equations d-Py
and d-Pyy, respectively reductions from the discrete Schwarzian Korteweg—de Vries equation
and ¢g-Py; and q—P(Agl)). The latter is, to our best knowledge, the highest full parameter
member of the Sakai classification derived as a reduction so far.
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