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Abstract

We classify integrable equations which have the form u, = aju, + K(vo, v1, ...), v = axvy,
where a1, a,eC, neN and K a quadratic polynomial in derivatives of v. This is done using the
symbolic calculus, biunit coordinates and the Lech—Mahler theorem. Furthermore we present
a method, based on resultants, to determine whether an equation is in a hierarchy of lower
order.
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1. Introduction

Bakirov devoted article [1] to the description of local symmetries of the following
evolution equations with parameter a:

{u,:un—i—vz,

v, = avy

(1)

for n>=2. This class of equations is interesting since it contains both integrable and
almost integrable equations. These notions have the following strict meaning: an
equation is called (symmetry-)integrable if it possesses infinitely many generalized
symmetries and almost integrable of depth (at least, at most) n if there are exactly (at
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least, at most) n generalized symmetries. This terminology somehow reflects the idea
of the conjecture of Fokas [6] that an equation is integrable if its depth equals the
number of components. For a more thorough discussion of these matters and
counterexamples to the conjecture of Fokas we refer to [14].

Bakirov presented the first example of an equation that is almost integrable of
depth at least 1: Eq. (1) with n =4 and a = % possesses a symmetry at order 6. By
means of computer algebra it was shown, that the equation does not possess other
symmetries of order n<53. However, for a long time it was not known whether for
this example the depth is higher than 1.

Paper [3], which was also devoted to equations of type (1), changed this situation.
In this article, the symbolic calculus of Gel’fand and Dikii [7] was used. In [3], to our
knowledge, both the Lech-Mahler theorem and p-adic analysis first appeared in the
literature in connection with symmetries of evolution equations. It was proven, by
using p-adic analysis, that the equation of Bakirov does not have generalized
symmetries at any order but at order 6, i.e., it was shown beyond doubt that ‘one
symmetry does not imply integrability’. An efficient way to find more almost
integrable evolution equations together with some improvements of the p-adic
method can be found in [13].

In this article, we will concentrate on the classification of integrable equations. It it
important to realize that this simplifies the problem. For example, the classification
of scalar equations (with respect to almost integrability) [10] relied on diophantine
approximation theory [2], however, the classification of integrable equations can be
performed without these elaborate techniques, as was shown in [12].

Using the Lech—Mabhler theorem [8] it was conjectured [3, Conjecture 2.3] there are
only finitely many integrable equations of form (1). This conjecture became a
theorem in [4, Theorem 2.1], where the following list was proven to be exhaustive:

{u,:auz—i—vz, {u,:au3+vz, {u,:—3u4+vz,

Uy = U2, Uy = U3, Uy = U4,

Uy = U4, Uy = Us,

{utu4+1}27 {MIH5+UZ, uf:*%M5+1)27
Uy = s,

{u,:_B;Sﬁus—l—vz, {u,:—m—&—vz7 S

v; = Vs, Uy = vy,

where aeC, a#0. A corollary [4, Corollary 2.1] says that each of the equations in
(2) with arbitrary quadratic part (in derivatives of v) is integrable as well. Also it was
remarked that the list is not necessarily complete in this more general class of
equations that is the object of classification in this article.

Definition 1. A B-equation, after Bakirov, is an equation of the form

u, = ayuy, + K(vo, 01, ...),

Bylar, @] (K): {

Uy = daUp,
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where a;,a;€C, neN and K a quadratic polynomial in derivatives of v. A symmetry
of such an equation of the form

(blum + S(v, vy, ))

bZUm

where by,b,eC, meN and S a quadratic polynomial in derivatives of v, is called a
B-symmetry.

This class of equations has the following nice property: any symmetry of a B-
equation with nonequal and nonzero eigenvalues, is a linear combination of B-
symmetries; if the eigenvalues are equal and the order of the B-equation is higher
than 1, any symmetry is a linear combination of B-symmetries and the linear
symmetry (v, 0). This almost follows from the nonlinear injectiveness of the linear
part of B-equations [12].

In this article, we will solve the classification and recognition problems for B-
equations. We prove the existence of a certain finite number of integrable B-
equations at every order. Special attention has been given to proving that the
hierarchies of symmetries are exhaustive. Furthermore, we are able to decide whether
a B-equation is in the hierarchy of an other equation and we give formulas for the
number of new integrable equations at arbitrary order. Also we prove that all
integrable B-equations are real, up to complex scalings.

Although B-equations seem quite special, the implication for the general equation
is immediate. First of all whenever an equation has a part that is a nonintegrable B-
equation, the equation is not integrable. Furthermore an equation might be related
by an invertible transformation to a B-equation. Also the techniques that are
employed and developed for this classification of B-equations play a role in other
classification programs [11,12].

Integrability has been related to several other notions among which solvability and
solitonic behaviour [15]. B-equations are triangular and therefore solvable in a
certain sense. The equation for v is a homogeneous linear evolution equation. Once
this has been solved, the equation for u reduces to an inhomogeneous version of the
same equation. From my point of view it is an intriguing challenge to understand the
analytic meaning of symmetry-integrability.

2. The symbolic calculus

The symmetry condition is obtained by requiring the vanishing of the Lie bracket
of B,lai,a:)(K) and Bylb1, by](S). This Lie bracket is computed using Fréchet
derivatives, see [9]. We solve the symmetry condition using the symbolic calculus as
developed by Gel'fand and Dikii [7]. The symbolic calculus enables us to treat
infinitely many orders at once. Moreover, the necessary and sufficient equations for
the rate of eigenvalues are obtained directly without having to specify the nonlinear
part explicitly.



P.H. van der Kamp | J. Differential Equations 202 (2004) 256283 259

The Gel’fand—Dikii transformation is a one-to-one mapping between differential
expressions and polynomials. A quadratic differential monomial is transformed into
a symmetric polynomial in two symbols as follows:

iy +ninh
viv; =

The expression is symmetrized and divided by the number of symbol-permutations
in order to ensure that

Uiv; = U;v;.

This procedure turns the operation of differentiation as well as the action of the
Fréchet derivative on a linear term into ordinary multiplication. Thus the symmetry
condition is equivalent to the following equation, cf. [13]:

Gn[ala aZ]S = Gm[bl ) bZ]K7
where K, SeCln,,n,] and the so-called G-functions are defined as follows:

Gylar, ax](ny,my) = ax(y +15) — ar(ny +m,)".

If G lb1,b,]K is divisible by G,la;,a;] we have a symmetric polynomial expression
for S which can be transformed back. An equation B,[a;,a](K) is trivially
integrable if the function G,la,, a>] divides K. This kind of equation has symmetries
on every order and is in the hierarchy of some zeroth order equation. In the rest of
this paper, we suppose that the order of the B-equation n is positive and G,[a;, a;)
does not divide K. Then G,[a;, a;] should have a common factor with G,,[b;, b,] for
there being a symmetry. Suppose we can find a;, a», by, b, €C such that

Gn[alaaﬂ :FLa Gm[blﬂbz] :FT7

with F,L,TeCln,,n,]. Then the Lie bracket of Bylai,a:](K) and B,[b1,b2](S)
vanishes if one takes K = LM and S = MT. One is free to choose M eC[y,,n,].

Thus the problem that needs to be solved for the classification of integrable B-
equations (3) can be stated as follows:

Determine all divisors H of Gyla;, as] such that there are infinitely many meN
and by, b, €C for which H divides Gy,[b1, b2).

We will perform the classification in full generality. All exceptional cases will
explicitly be given and results will be illustrated with examples. We start at low order,
so that the reader can become conversant with the symbolic calculus.
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3. B-equations of order 1, 2 or 3 and their symmetries

We prove that all B-equations of order 1, 2 or 3 are integrable and we show how to
efficiently calculate their symmetries.

Proposition 2. All 1st order B-equations are integrable.

This proposition is easy to prove and an explicit formula for all the symmetries of
Bilay, ay](asv?) can be given.

Proof of Proposition 2. To find all symmetries of Bj[a;,a;](K) we have to find for

arbitrary m all (by,by) such that G [ay, as] divides G, [b, by]. This can be done by
substitution. Take a; #a,. The G-function

Gilar, ax] = (a2 — ar)(my +13)
has a common factor with G,,[b;, b,] if
ba(n + (=n)") = br(m —m)" = 0.

The infinitely many solutions are b, = 0 or m is odd.
Exceptional case: Take a; = a,. For any S the symmetry condition becomes

gm [bh bZ]K =0.

Equality holds when b; = b, = 0. The symmetries (at any order) have arbitrary
nonlinear part but no linear part. [

Example 3. We explicitly write down the symmetries of

{uf = aju; + asv?,

Uy = aAplg.
Its quadratic part is calculated as follows:

as

gm[blab2] ( 1 ml)
K = b MMy + .
2 1 (" +1n5") (1 +12)

S =
Gilar, as] a — aj

By applying the inverse Gel’fand and Dikii transformation, at even order m we
obtain the symmetry

azb; _
bty +—221 pme1y?
ay —ap

0
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and at odd order m we obtain the symmetry

asby _ azb _
biuy, + ——D7 L2 4+ 7Dxlvvm
ay—ay - ay—ay -

b 2Um

It is only here that we can describe the whole hierarchy in differential language.
For higher-order B-equations we have to do the computation of a particular
symmetry symbolically and translate the result to obtain its differential expression.

Proposition 4. A/l 2-nd order B-equations are integrable.
Proof. They have symmetries at all orders. The ratio of eigenvalues (and quadratic
part) of the symmetries are fixed. Take a; # a, again and a, #0, i.e., r#0, —1. The G-

function

ay —d

. 2
(n, — ry)(rmy —my)  with 7 + 4 r+1=0

Golay, a] =
r ap — a

has a factor (; — r,) in common with G, [b;, b>] when

blf 1+

Gonlbr. bally =, = 0= 5= g

For this ratio (rp, — n,) is a factor as well because the fraction

1 + r"ﬂ
(1 + r)l‘ﬂ

is invariant under r— 1/r, i.e., the G-function is symmetric in 7, #,.
Exceptional cases:

® When a; = a, the equation is integrable; we have G[a;,a;] = —2a;n,n, divides
Gm|b1, by] for arbitrary m>2 if by = b;.

® When a; = 0 the equation is integrable; we have Gs[a;,0] = —a; (5, + 1,)* divides
Gm|b1, by] for arbitrary m>2 if b =0. O

We demonstrate the method by calculating a symmetry of some inhomogeneous
2nd-order equation.
Example 5. We calculate the 3rd order symmetry B,,[b1, b2](S) of

{ U, = ajuy + asv® + agov, + asv%,

Uy = dry.
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The ratio of eigenvalues of the symmetry is

1—|—r3 _3a1—a2
(1+r)? 2ay

We take by = 3a; — a» and by = 2a,. The G-function of the symmetry is
G3[3a1 — a2, 2ax] = 3(ny + ny)Gaar, az).

The quadratic part S is obtained by multiplying

+
K=a3+a4 d ) 12 + asnn,
with the ratio of G-functions 3(n; +1,):
+ 2 4 p2 24 2
S = 6‘13%4‘ 3ay <’71 3 1 + 7]1’72) + 6as w

By applying the inverse Gel’fand and Dikii transformation we obtain the 3rd order
symmetry of the above equation

((Sal — ay)u3 + 6azvv; + 3as(vvy + 13) + 6a5vlvz>
202123 .

The procedure works for symmetries of any order.
Proposition 6. All 3rd order B-equations are integrable.

Proof. All 3rd order equations have infinitely many symmetries but unlike the 2nd
order equations not all of them have symmetries at even order. The reason is that
(n, +n,) is a divisor of Gy [b1,b>] only when m is odd or when b, = 0. Therefore,
unless the 3rd order equation is in a lower hierarchy, its first symmetry appears at
order 5. Take a,#0, a, — a; again. The 3rd order G-function factorizes like

a —dap
Gilay, ar) = (my +m2)(my — rmp) (ry = ma),
with
2
rz—i-ia1 +a2r+ 1=0.
ay —ap

This can be used to calculate all higher-order G-functions in the same way we did for
2nd-order equations.
Exceptional cases:

® When a; = a, the equation is integrable, Gy[ay,ai] = —3ain,n,(n, +n,) divides
Gmlb1, bs] for arbitrary odd m>3 if by = b,.
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® When a, =0 the equation is integrable, Gola,0] = —ai(n, +1n,)° divides
Gmlb1, by] for arbitrary m>3 if b =0. O

We have now proven that all B-equations of order smaller than 4 are integrable.

4. B-equations in a hierarchy of order 1, 2 or 3

In this section, we turn from the classification problem to the recognition problem.
Using resultants we present an efficient way to determine whether a B-equation is in
a hierarchy of order 1, 2 or 3.

Theorem 7. B,,[by,b](S) is in a hierarchy of order n, where n is 1, 2 or 3, if the degree
of the greatest common divisor of G,|b1,b,| and S equals m — n.

Proof. Since every symmetric factor of degree n, where nis 1, 2 or 3, is a multiple of
Gnlai, ay] for some (calculable) ay, a,, the quadratic part can be written

gm[blabZ]

S —
Gulay, as]

K

such that ged(K, G,la1,a2]) = 1. O

The use of resultants is very effective here, as we will show in the following two
examples. Recall that if the greatest common divisor of two polynomials has positive
degree, then their resultant vanishes.

Example 8. The equation

{ u; = byuz + bzvpv + b4v%,
u, = bz

can be in a hierarchy of order 1 or 2. The #,-resultant of Gs[b;, b,] and S is:
6
%(bg, — b4)(2b3b1 + b3by — 2bsby + 2[)4})2)2.

There are two special cases.

® When b3 = by the quadratic part is

b
S = 73(’11 + ”12)2-

The greatest common divisor of S and Gs[by, by] has degree 1, so the order of the
hierarchy is 2. The ratio of eigenvalues can be calculated using the above
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factorising of the Gs-function and the map

1+
(14r)*

r—

The equation commutes with

{ U, = (2b1 + bz)uz + 2bsvvy,
Uy = 3[721)2.

® When b3 = 2(b; — by)ay, by = (2b1 + by)a; the equation is in the hierarchy of

{ u; = biuy + al(bl — bz)l]z,
v, = byvy.
All other cases are not in an other hierarchy.

The method works for any order in principle. However, it depends on the order

and the number of parameters in the equation whether we can actually solve the
resultant, cf. [12].

5. Integrable B-equations of order higher than 3 and their symmetries

As we are now interested in equations that are not in a 1st, 2nd or 3rd order
hierarchy, we need to consider common factors of G-functions of degree at least 4, cf.
the proof of Theorem 7. The case where a; = 0 is easy; the equation is integrable

since G,[ar,0] = ai(n, +n,)" divides G,,[b1,by] for arbitrary m>n if b, = 0. In the
following we assume a, #0.

Lemma 9. The function G,[1 + ", (1 +r)"|(n,,n,) has a factor of the form

(my — ) (rmy = my) (g — sma)(smy —my),  s#rr ),

whenever
Uu(r,s) =Gu[1 + 7", (1 +1)"(s,1)
=140+ (s(1+7)" = (1+5)" = (r(1 +5))" =0.

Proof. The condition U,(r,s) = 0 expresses the fact that the ratio of eigenvalues of
the G-function containing zero r equals the ratio of eigenvalues of the G-function



P.H. van der Kamp | J. Differential Equations 202 (2004) 256283 265

containing zero s

a (140" _ (1+9)" 0
a  l4+m 145

Using the Lech—Mabhler theorem, see Theorem 19, it was proven in [3] that the
only factors of G-functions (with nonzero eigenvalue) which appear on infinitely
many orders have zeros forming a subset of a set of the form

1 _1
{07_17}’3"7”3?}' (4)

Therefore, to find all hierarchies of B-equations is to find all points r such that
U, (r,F7) = 0 for infinitely many integers m1; the zeros 0, —1 can be treated separately.
At fixed order Lemma 10, which improves the method given in [4], can be used

Lemma 10. The following method can be used to find all integrable B-equations at
fixed order n. Substitute

x(l-y) - _1-y
y—x y—x

in Uy,(r,F) = 0 and apply an algorithm of Smyth, cf. [5], to solve the equation in roots of
unity x,y.

Proof. By Corollary 21, of the Lech—-Mahler theorem, one of the pairs

r 1+
X = - =
A P
or r;’,%—i'; are roots of unity. By the invariancy of U,(r,F7) under r—1/r we may

choose the first pair. Thus the method gives all points r such that U, (r,7) = 0 for
infinitely many m, including m =n. 0O

In [4] the algorithm of Smyth was used to obtain the eigenvalues of all 4th- and
Sth-order B-equations in the list 2. Lemma 10 makes it possible to treat higher
orders. By means of computer algebra, we raised the order up to 23. We did observe
quite some structure in the minimal polynomials of all the points we calculated.
However, a clear picture did not arose until we plotted the points in the complex
plane. We have included the plot for order 23, cf. Fig. 1. Note that the upper half
unit disc may be taken as a fundamental domain.

The inspection of the patterns formed by the values r obtained in this way, can be
described as a form of experimental mathematics. At every fixed order n the
calculated points formed a similar pattern, which inspired to use biunit coordinates
B, ¢), cf. Definition 17 and Eq. (6). Since roots of unity play a special role in the
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.

Fig. 1. The special zeros of G-functions of integrable equations with order 23, in the complex plane and
inside the upper half unit disc, form a nice pattern.

analysis of integrable equations and the points +1 often are exceptional cases, we
will denote the set of all nth roots of unity { where {# +1 by &,.

The following theorem asserts the existence of a certain finite set of integrable
equations at any order n>3. These correspond to the zeros r of G, such that
U, (r,7) = 0 for infinitely many m, including m = n. There are basically two kinds of
zeros, those on the unit circle and those of the unit circle.

Theorem 11. Let n>3. To any point r in one of the sets

(1) rePB(Pay, Pay) such that |r|#1,
(2) redjn,h
(3) re®,, such that r* = —1

corresponds an integrable nth order B-equation, which is not in a hierarchy of order
smaller than 4.

Proof.

(1) For reB(Pa,, P2,) the proof consists of showing that U, (r,7) has infinitely
many solutions m including m = n. By substitution of

r=ay =bp—1,
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with ¥, ¢ € @y, in U, (r,F) we get
Un(, ¢) = (b§)" + (abpp)" — (b¢)" — (abifp)™.

This vanishes when m = 0 mod n. Note that when # is odd and 5, + 1, does not
divide the quadratic part of the equation, no symmetries appear at even order.
When r is real or on the unit circle the set {r,1/r,7, 1/} does not contain 4
elements.

(2) The (n— 1)th roots of unity are all double zeros of G,. They appear in
conjugated pairs and are double zeros at order m = 1 modn — 1 as well, cf. [3,
Lemma 3.1]. A real zero and its conjugate do not form a pair.

(3) All odd powers of a primitive (2r)th root of unity are mapped to zero for all
m=nmod2n. [

The following theorem asserts that there are no ‘new’ integrable B-equations, i.e.,
equations that do not commute with an integrable 5-equation known by now.
Theorem 12. Any integrable B-symmetry is a symmetry of
® « B-equation described in Theorem 11, or

® ¢ lst, 2nd or 3rd order B-equation, or
® « Sth or Tth order B-equation with equal eigenvalues.

Proof. Suppose the eigenvalues are nonzero. Let H be a divisor of infinitely many
G Any set of zeros Z of H is a subset of a set of form (4). If 0 Z, the eigenvalues of
the equation are equal. This problem was solved for the classification of scalar
equations. It follows from [12, Theorem 5.8] or [10, Proposition 4.1] that the
equation is a symmetry of a B-equation of order 2,3,5 or 7. If

ZC{I,r,I}
P

and the multiplicity of r is 1, the equation is a symmetry of a B-equation of order 1, 2

or 3, cf. Theorem 7. If
1
ZC{—I,r,—}
r

and the multiplicity of r is 2, r is a root of unity. If

1 _1
ZC{—17}’,—,7,:}
r r
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the biunit coordinates of r are roots of unity because otherwise none of the pairs

J 1+
, or I,
1+ 1+

==
=i
~i|—

are roots of unity. [

The following theorem asserts that any integrable B-equation described in
Theorem 11 has no other B-symmetries than the symmetries proven to exist.

Theorem 13. If the integrable B-equation

{u, =1 +rMu,+K,
v = (1+7r)"v,

is not in a lower hierarchy it has no B-symmetries other than the symmetries on order
m, with:

(1) m=0mod n if re PB(Pay,, Pay), and 2|n or 24n, n, + n,|K,
(2) m =nmod 2n if re (Do, P2y), and 24n, n; + Nyt K,
B)m=1lmodn—1ifred,,

(4) m=nmod 2n if re @,,.

Proof. From the proof of Theorem 11, we know that symmetries exist at these
orders. We now prove that the equations do not have any other symmetries.

(1) We write U,,(r, ) in terms of y and ¢ using Egs. (A.1) and (A.2). Furthermore,
we perform the transformations

Vo, ¢t

Thus, we obtain the Diophantine equation

1—” m 1_um
(1 —v> T 1o )

for roots of unity u,v. By Theorem 22, under the conditions

wyv#E L uFEv v, f" oy EL

Eq. (5) has no solution unless m = 1. We check the conditions. When u = —1 we
find that ¢ = + iy, we have

1
|V+§

5
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In this case Eq. (5) reduces to
v =1 when m even,
(1 —v)" =2""1(1 —v") when m odd,

with v# +1 a root of unity. The same equation, in u instead of v is obtained
when v = —1, i.e., when ¢ = +i or

r+7=-2.

By Proposition 24 the equation for odd order has no solutions m> 1. For the
even solutions, note that we are in the case where n is even. The equation is not
in a lower hierarchy if ¥ is a primitive (2n)th root of unity. This implies that v is a
primitive nth root of unity and the even solutions are given by m = 0 mod n.

(2) When n is odd and #, + #, does not divide K there is no symmetry at any odd
order since 1, + 1, does not divide Ga41.

(3) When m#1 modn — 1 the point re ®,_; is not a double zero of G,,.

(4) Two (2n)th roots of unity r =, s = ¢ are both zeros of G, if Uy, (¥, ¢) = 0. By
applying the transformation

Vo - o -

(=5) =T

for (2n)th roots of unity x,v. Suppose that

we obtain

,Lt,V?éfl, /l#v?‘_)'

Then, by Theorem 22, the equation has no odd solutions m>1 such that
w" v"#1. For even m we use Theorem 25, which states that

1—pu m_1—|—,u’”
l—v) 14w

has no solutions m>1 such that ", v"# — 1. O

5.1. Quadratic part of the integrable B-equations

We describe the quadratic part of the integrable B-equations and we show that the
equations are real (up to a complex scaling).

If a; = 0 then K can be anything because the G-function of the equation divides
the G-functions of all the symmetries. Take a; #0. Let Q be the greatest common
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divisor of

Gall + 7, (1 +1)"]
and

M2 (g +m2) (0 — rmp) (rmy — mp) (ny — ny) (Figy — n5)-

Q is the common factor of all G-functions of the symmetries. The quadratic part of
the equation can be written as

k=9p,

0

with P an arbitrary symmetric polynomial that does not have Q as a divisor.
Although in the analysis complex roots of unity play an important role, in the end
the equations turn out to be real.

Proposition 14. All integrable B-equations with nonzero eigenvalues are real, up to a
complex scaling.

Proof. Since

ay 1—|—V” 1+fn 61_1

e (1+0)" (1+9" @

all ratios of eigenvalues of integrable B-equations are real valued. What about the
quadratic part? We have

(ny — ) (rmy — mp) (my — 712) (P, — 1)
= ri(n} +n3) + (FF + 1) (r + Fimma (7 +13).

Hence Q is real. Therefore, the quadratic part is real if the eigenvalues and P are
chosen to be real. [

We demonstrate our method by calculating an integrable equation together with
its first higher-order symmetry.

Example 15. Take n = 6. The line
1.
Re3™ — 1
intersects the imaginary axis in the point

r=/3i.
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This is a zero of the G-function G¢[—13, 32], since

1 +° 13

(1+n° 32

The polynomial dividing all G-functions of the symmetries is
Q = (3 +n3) (i +3m}).
The quadratic part of the equation is, with P = %,

Go[-13,32] 15
K= ~ 20 7(’7% +1m3) + 131,

Therefore the equation
{ u; = —13ug + 1500, + 1317%,
v; = 320

is integrable. Let us calculate the symmetry Bi,[by, b](S). To obtain the eigenvalues
we compute

by 1+ 365
by (1+r)? 2048

The symbolic quadratic part is given by

_ G1n[365,2048]
B gé[_137 32]

By applying the inverse Gel’fand and Dikii transformation we obtain the symmetry
at order 12:

(365u12 + 561vvg — 14600107 — 99000206 — 21 900v305 — 13 8931&)
204805 ’

6. B-equations in a lower hierarchy

We describe all B-equations that belong to a lower hierarchy. This solves the
recognition problem. Let K be the quadratic part of an integrable B-equation. Let k&
be the degree of

Gn

0= 4ed(Gn k)
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If the equation is nondegenerate we have 0 <k <8. If k <4 or k=7 the equation is in
a kth order hierarchy. It never happens that k = 6 because whenever G¢ has
zeros 0 and r it does not have 7 as zero. The remaining cases are enumerated as in
Theorem 11.

(1) Let r# — 1 be a zero of the polynomial Q. It has biunit coordinates ({*,{”) where
{ is a primitive (2r)th root of unity. The equation is in a hierarchy of order d,
with d (>3) a divisor of n, if a/n and b/n are integer multiples of 1/d.

(2) The equation is in a hierarchy of order d + 1, with d(>2) a divisor of n — 1, if
the double zero r is a dth root of unity.

(3) When n = Im with [ odd and m> 3 the equation can be in a mth order hierarchy.
This is the case if G,/G,, divides K.

7. The number of integrable B-equations

We present formulas for the number of nth order integrable equations and for the
number of nth order integrable equations that are not in a lower-order hierarchy of
order higher than 3.

(1) The number of points re*B(P,,, Py,) leading to different eigenvalues of
integrable equations is

_9)?
(n 1 ) if n is even,
TW=9 - D)
— if n is odd.

We count the number of points in the upper half plane (because conjugation
leaves the set invariant) excluding the points on the unit circle where 7 = r—!. Put

1.
{ = en™. The imaginary part of (¢, ¢?) is positive only when 0 <5 <a. There are
exactly

N
|
S}

a

a=1

such points. A point is on the unit circle when the angle of the line through 0 is
twice the angle of the line through —1. The set @,_; contains

n—1
2
points on the upper half unit circle. Subtracting these two numbers and dividing
by 2 (because inversion leaves the set invariant) gives the desired number. If g(n)
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is the number of these integrable equations not in the hierarchy of an other
equation we have

Sy =" g(d)

d|n

and by Mobius’ inversion

gtn) = > u(d)f (5).

d|n
with the Mobius function defined as follows: (p; are prime)
; 1 if o; =0 for all i
j
H(HP?) =<0 if ;> 1 for some i,
= (=1)7 ifo; =1 for all i.

(2) The number of complex (n — 1)th roots of unity giving different eigenvalues at
fixed n is

n—2

if n is even,
Sm)=4¢ ~
=3 i i odd.

We counted the zeros that are above the real line. If g(n) is the number of these
integrable equations not in the hierarchy of an other we have

fmy =" gld+1)

dln—1

and by Mobius’ inversion

o) = 3wt ().

din—1

(3) This case is concerned with vanishing first eigenvalue. When # is prime, twice a
prime or a power of 2, the equation is not in a lower hierarchy.

At order 5 there is the extra equation with eigenvalue 1. Its G-function has the set of
zeros {0, —1,(3, C%} Adding this all together we have the following.

Proposition 16. Let 3<neN. There are exactly

n(n—2)

1 when n even,
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Table 1
Numbers of integrable equations
n 4 5 6 7 8 9 10 11 12 13
# 3 5 7 8 12 15 18 23 26 33
n 14 15 16 17 18 19 20 21 22 23
# 37 44 45 61 57 76 74 89 87 116

n+1)(n—-3

% when n odd, n#5

(n—1)°

) when n =15

nondegenerate nth order integrable B-equations.

Finally, the number of nth order integrable equations that are not in a lower
hierarchy with 3<n<24 is given in Table 1.
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Appendix A. Biunit coordinates

We introduce an uncommon way to describe complex numbers which will be
especially convenient when describing the solutions to G-functions that correspond
to the integrable equations.

The most familiar way to describe a point r in the complex plane is probably

r=R(r) + 3(r)i,

where R(r) e R is the real part of r, 3(r) € R is the imaginary part of r and i = —1. A
second way to describe reC is

r= ‘r|earg(r)i’

where |r| >0 is the absolute value of r and 0 <arg(r) <2= the argument of r. Yet, we
would like to give a third description.

Definition 17. We call (¥, ¢), where |¢| = |¢| = 1, ¥, ¢ # + 1, biunit coordinates of
the point re C\R, which is the intersection of the lines YR and ¢R — 1, cf. Fig. 2.
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Fig. 2. The point r in biunit coordinates (Y, ¢).

Lemma 18. If (\, ¢) are biunit coordinates of r, then we have

(¢+D(¢—-1)

_ 2
PR =T ey

(A1)

Proof. We solve the system of linear equations in |r| and |r + 1]
|| sin(arg(r)) = |r + 1] sin(arg(r + 1)),
|r + 1| cos(arg(r + 1)) = |r| cos(arg(r)) + 1.

This gives

B sin(arg(r + 1))
I = cos(arg(r + 1)) sin(arg(r)) — sin(arg(r + 1)) cos(arg(r))’

Using the identities

_y! -
sin(arg(r)) = 4 2;_// , cos(arg(r)) = 4 +2l// ,
p—¢! p+¢!

sin(arg(r + 1)) = cos(arg(r +1)) =

2i 2

we express |r| in terms of i, ¢. Multiplying |r|(V, ¢) by  gives expression (A.1). O
From Definition 17 and from expression (A.1) it is clear that if (i}, ¢) are biunit

coordinates of r, then (=, ¢) and (¥, —¢) are biunit coordinates of r as well. Note
that we have # + ¢, i.e., there is no point r€C with biunit coordinates (Y, +).
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The set of points

{VB(a,b)lac A,be B}
is denoted with B(4, B).

Conjugation is a simple operation in biunit coordinates. If the biunit coordinates
of r are given by (¥, ¢) we have (lp_l,q’fl) as biunit coordinates of 7, i.c.,

g = D] (A2)

since = ! whenever || = 1.

Appendix B. Corollaries of the Lech-Mahler theorem

The following theorem is formulated and proven in [8].

Theorem 19 (Lech—Mahler). Let ay,as,...,a,, A1, A2, ..., A, be nonzero complex
numbers. Suppose that none of the ratios A;/A; with i#j is a root of unity. Then the
equation

aAf + e s+ -+ a4 =0

in the unknown integer k has finitely many solutions.
Using this theorem the following corollaries can be proven, cf. [3,12].

Corollary 20. Let a,b,c,d, A, B, C, D be nonzero complex numbers. Suppose that the
equation

ad* + bB* + ¢C* +dDF =0

has infinitely many integers k as solution. Then at least one of the pairs A/B, C/D or
A/C,B/D or A/D, B/C consists of roots of unity.

Corollary 21. Let a,b,c,d,A,B,C,D be nonzero complex numbers. Suppose that
aA* + bB*#£0 for all k and that the equation

aAk + bB* + ¢C*F + dD* =0

has infinitely many integers k as solution. Then at least one of the pairs A/C,B/D or
A/D, B/C consists of roots of unity.
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Appendix C. Diophantine equations
The material presented here is adapted from work done by Beukers.

Theorem 22 (Beukers). Let p,v be roots of unity. Suppose that u,v# +1, u" v'#1
and p#v,v='. Then the Diophantine equation

1—u\" 1—pu"
<l—v> Y (C.1)

in the unknown positive integer n has no solution unless n = 1.

Proof. The case n = 2 is excluded with the following argument. Suppose

Then

Hence
l+v—pu—pw=1—v+u—pv.

So, i = v, a contradiction.
When n>2 we use Lemma 23. Choose m, a, b positive integers such that

b
w="=Cn v="=

2ni/m

where {,, = ¢ and ged(a, b,m) = 1. We distinguish two cases.

(1) ged(a,m) =1 or ged(bh,m) = 1. Suppose the first case happens. Let a* be the
inverse of a modulo m. Then we see that

v=u

We apply Lemma 23 with / = ¢*b (mod m) and conclude that / = +1. In other
words, a = +b (mod m) and we see that u=v or u= vl
(2) ged(a,m)>1 and ged(h,m) > 1. In this case the idea is to choose an integer / with

ged(/,m) = 1 such that
V=, ol EL

Now replace p, v in the original equation by x/,v/ = v. Divide the newly obtained
equation by the old one and we obtain an equation of form (C.2). Now apply
Lemma 23 to conclude that u/ = 1, uor u~'. Thus we get a contradiction, i.e.,
the original equation has no solution once we have found a suitable /.
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Now let us choose /. Since ged(a,b,m) =1, we can assume that not both
gcd(a,m) and ged(b,m) are even. Hence there is an odd prime p which divides
one of them, say gcd(b, m). Because p is odd we can choose an integer

[—145m
P

with k = +2 and ged(/,m) = 1. Clearly, we have v/ = v. Moreover,

,Lll — Q/z:rakm/p — Mé/;lnkm/p _ 'uej4mfa/p.

Since a is not divisible by p we see that u//u is a nontrivial pth root of unity.
Therefore pi! # u. Suppose that u/ = p~'. This implies that

+4nia -1
pet Ay =yt

i.e., i is a pth root of unity. So if x is not a pth root of unity, / is found.

Now assume that u is a pth root of unity. So p divides m exactly once. Suppose
that v is an Nth root of unity. Since p divides b we get that N is not divisible by p.
In particular, ged(p, N) = 1. Suppose that p>3. Then we choose, using the
Chinese remainder theorem, the number / such that

I=1mod N, [/=2modp.

Note that v/ = [/ and u/ = y? which is different from p, u~! since p>3. We are left
with the case p = 3. Now suppose that N#3,4,6. Then there is an integer c,
relatively prime with N such that ¢# +1 mod N. Choose / such that / = 1 mod 3
and / = cmod N. Then

#/ =u, Vl — vc#v’v—l.
We apply our argument with v and u interchanged to conclude that we get a
contradiction once more. Since N = 3,6 are not possible because 3 does not
divide N, we are left with the case p =3, N = 4. Hence, we can assume that
1 = o, with @ a primitive 3rd root of unity, and v = i. Taking absolute values

squared on both sides of
l-o\" 1-o
1—-i) 1-

yields

where ¢ =1 or 2 depending on whether n is odd or even. This is clearly
impossible when n>1. [
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Lemma 23 (Beukers). Let u be a root of unity and [ an integer. Suppose that u# +1
and that for some n>2 we have

]_'ul n l—uln
(1_”>1_ﬂn. (2)

Then 1! is either 1, or u='.

Proof. Suppose that p is a primitive mth root of unity for some m>3. By Galois
theory Eq. (C.2) still holds if we replace u by u” for any integer 4 with ged(h,m) = 1.
So we can assume that

w= e2ni/m.

We can also assume that |/|<m/2 by shifting / over multiples of m if necessary. For
any xe€[—mn, ] we have the straightforward inequalities

2 .
—Ix[ <1 = e[ < x].
I

From this it follows that:

1—u
1—u|”™

_@/meai/m) 20
27 /m

On the other hand,

In

Rl L AR Tl A S TRl N [

22 2
4

@|l|/m)" " <n)2.

1 —u
1 —

Hence, we find that

From this it follows that

Using n>2 we get
1< (n/2)"” <2.

Hence |/|<1 and we have u/ = 1, or u~', as asserted. [

Proposition 24. Let p be a root of unity. Suppose that u# +1. Then the diophantine
equation

(1—w"=2""1(1—-p")

in the unknown positive integer n has no solution unless n = 1.
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Proof. Division by 1 — pu gives

= =2 Ut e+ ).
Therefore

1 —u
2

should be an algebraic integer, i.e., in Z[u], which is clearly not the case. O
Theorem 25 (Beukers). Let u,v be roots of unity. Suppose that

pov#E Ll WV E =1 p#EvyT e

1—p\" 14
1—v) 14w

in the unknown positive integer n has no solutions.

Then the Diophantine equation

Proof. The proof is similar to the proof of Theorem 22. The only differences are

® The case n = 2 is excluded with the following argument. Suppose

Then
(1= @2(14+9%) = (1 =) (1 4 42) = 2 — v) (v — 1) = 0.

So, u=v or u=1/v, a contradiction. Suppose

1—pu 2_1—,u2
1—v/) 14

Then

(1= wP(14+9%) = (1 = )3 (1 = 12) = 2 — D)(u(? — v+ 1) =) = 0,
Since u#1 we have

p=v/(v* —v+1).
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Substituting this into i = 1 and using that ¥ = 1/v we obtain that v> = —1 or
v = 1, contradicting the assumptions.

® In the case gcd(a,m) = 1 or ged(b,m) = 1 we use Lemma 26 instead of Lemma 23
to conclude that u/e{u, 1,u~"'}.

® The absolute value squared of (1 + w")/(1 + ") yields

1 when n=4,8mod 12,
I'when n=1,5,7,11mod 12,
1 when n = 0mod 12,
2 when n = 3 mod 6.
The absolute value squared of (1 — ")/(1 4 ") yields
2 when n = 4,8mod 12,
3 when n=1,5,7,11 mod 12,

0 when n=0,3,9mod 12. O

Lemma 26. Let u# +1 be a root of unity and I an integer. Suppose that for some n>=?2
we have

1_,“1 n 1—|—O(,ul"
= =+1,u"# -1 C3
(1/) Tr e = tha'# (C3)

1

Then, if o =1 we have p' = p or ! = =" and if o = —1 we have ' = 1.

Proof. Suppose that u is a primitive mth root of unity for some m>3. By Galois
theory Eq. (C.3) still holds if we replace u by i for any integer 4 with ged(h, m) = 1.
So we can assume that u = e*™/”. We can also assume that |/|<m/2 by shifting /
over multiples of m if necessary.

We have the estimate
n L
20 |1l
n I—p

On the other hand, we can give an upper bound for right-hand side by using the

bound |1+ 4| <2 to obtain
AN 2
— ] <
m [T+ |
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and hence

eos(e )l < (31)
cos(m- )| < 27]) -
Then, using the estimate

|cos mx| = |2x — k|,

where k is the nearest odd integer to 2x, and |/|>2 we get

n k 1(n>"
_—— <_ — .
m 2| 2\4
From these estimates it follows that n/m>0.19. Using this and the lower bound
|n/m —k/2|=1/(2m) we get
1 7\ 0.19m
—< (= .
m (4)

1 1 z\"
—<—<(5) .
100 Sm S \277

(A7) <10
T

So we are left with a finite number of triples /,m,n. A small computer search yields
no solutions with & = +1, 2<|/|<m/2. When « = 1 there are the solutions / = +1
and hence i/ = por u~'. When « = 0 we have ¢/ = 1. 0O

Hence m<100. But then,

which in its turn implies that
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