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Abstract

We prove the involutivity of integrals of sine-Gordon, modified Korteweg-de Vries and potential
Korteweg-de Vries maps which are obtained as (1,p) traveling wave reductions of corresponding
partial difference equations.

1 Introduction

Integrable systems boast a long and venerable history, and have famous members such as the Kepler
system, the Korteweg-de Vries equation, and the sine-Gordon equation. More recently, interest in inte-
grable systems has expanded to include systems with discrete time, e.g. integrable ordinary difference
equations (or maps) and integrable partial difference equations.

For many of these systems, the way to prove complete integrability has been to show that there exist
a sufficient number of functionally independent integrals that are in involution, that is, they Poisson
comimute.

In this paper we study the involutivity of integrals of a certain class of integrable maps related to
the discrete sine-Gordon, modified Korteweg-de Vries(mKdV) and potential Korteweg-de Vries(pKdV)
equations. Integrable maps typically come in an infinite family of increasing dimension, and for this
reason it is not feasible to calculate Poisson brackets one by one and show that they all vanish. One way
to circumvent this problem is to use the so-called Yang-Baxter structure, and that is the approach taken
in [3, [6]. Here we take a different approach. Starting from recently found symplectic structures [4, 9],
and recently obtained closed-form expressions for integrals of our family of sine-Gordon, mKdV and
pKdV maps [B, 1], we proceed to prove involutivity of the integrals directly by induction on the
dimension of the maps.

Recall that a 2n-dimensional discrete map L : z — 2 is said to be completely integrable if, cf. 4],

e there is a 2n X 2n anti-symmetric non-degenerate matrix €2 such that the Jacobian identity holds:

0

0 0
> (i Qe + Uy i + Qi —
( “axl ik z]am ki + lkaxl

l

Qi;) =0,

e the Jacobian dL of the map L satisfies dL(z)Q(z)dLT (z) = Q(z'),

e there exist n functionally independent integrals Iy, Io, ..., I, satisfying vITQvI = O0nxn, that is,

{Irvls} Zal’ zyams'_07V1S7ﬂ75§n-
i



The families of discrete sine-Gordon, mKdV and pKdV equations obtained from the (1,p)-reduction
[0, B] are given as follows

SG 1 1 (VnVUnpt1 — Vnt1Vntp) + Q020nUn41Un4pUntpt1 — a3 = 0, (1)
mKdV : 31 (VnUnip — Ungt1Vntp+1) + B2VnUni1 — B3Vn4pUnspr1 = 0, (2)
PKAV 1 (vn = Ungp+1) (Vns1 — Vngp) — 7 =0. (3)

The corresponding d = p + 1 dimensional maps are L : R — R¢,

(’1)17'1)1,...,’1)61)’—>('Z)27'l)37...,'l)d+1)7 (4)
where
Vgay = vt L2V + a3 Vet = v B1vg + Bova g =
1= —_— 1=V 1 =01 —
* b agvgug +ag’ * Brva + B3vq’ * Vg — Vg

respectively. The integrals of sine-Gordon and mKdV maps are given by [5]

Ud ~1,d—1 |, Ul ~1.d—1 1,d—1 1,d—1
I, = 041(771@2731 + @@2“0 )+ @205 11 + 30511 0, (5)
>~ 1,d—1 T 14-1 1d—1 1d—1
I = B (”Wdezrfl,o + @27‘71,1) + 204,17 + 3304, (6)

V1Vq

where 0 < 2r < d —1 and 0 < 2r < d respectively, and

ort{ft = > Tl (7)

a<i1<ig<--<ir<bj=1

with f; = v;v;41. For the pKdV map integrals are given by

T

I = U2 4 (vg — 02) T2 4 (vgoy — o) U272+ U200 4 ((vam1 — 1) (0g — v2) — ) T242, (8)
where 0 < r < [(d —3)/2] and

b+1

pob = ( 3 H fz-j) E[ i, (9)

a<it,i1+1<iz,iz+1,...,<ir<b j=1

with ¢; = v;—1 —vj+1 and f; = 1/(¢iciv1). We prove that the integrals ,@ and are in involution
with respect to accompanying symplectic structures.

This paper is organized as follows. In section 2, we prove the involutivity of integrals of the sine-
Gordon map. Firstly, we consider the odd-dimensional maps. We introduce a transformation to reduce
the dimension of the map by one and we present a symplectic structure of the reduced map. Then we
give properties of Theta with respect to the Poisson bracket associated to this symplectic structure. To
prove the involutivity of the integrals, we write the Poisson bracket {I,, I} as a polynomial in o, aa, a3
and prove that all the coefficients of this polynomial vanish. Secondly, we consider the even-dimensional
maps and we give a symplectic structure for them. Next, we show the relationship between the two
symplectic structures. Therefore, many properties of Theta with respect to the new Poisson bracket can
be obtained directly from the ones with respect to the old Poisson bracket. The proof of involutivity is
similar to the first case.

In section 3, we present relationships between symplectic structures of the sine-Gordon and mKdV
maps. We use these relationships to derive analogous properties of Theta with respect to the Poisson
bracket of the mKdV maps. Involutivity of the integrals follows from these properties.



In section 4, we prove that the integrals of the pKdV map are in involution (with respect to
symplectic structures). We also distinguish even and odd dimensional maps and present a relationship
of symplectic structures between the two cases. For the even-dimensional map, the properties of multi-
sums of products, ¥, with respect to the symplectic structure are proved by induction. For the other
case, the properties of ¥ with respect to its symplectic structure are derived from the previous case.
The involutiviy of integrals is proved by using these properties.

2 Involutivity of sine-Gordon

In this section, we distinguish two cases: the odd-dimensional and even-dimensional sine-Gordon maps.
It is shown that for the even-dimensional map, we have enough integrals for integrability [5]. For
the other case, we need a reduction to reduce the dimension of the map by one. The involutivity of
integrals is proved by writing a Poisson bracket of 2 integrals {I,, I} in terms of polynomial of
parameters a1, a2, a3.

2.1 The case d=2n+1

Using a reduction f; = v;v;4+1, we obtain a 2n-dimensional map sG:

(f17f27~-7f27l)H(f27f37"'7f2’ruf2n+1)7 (10)

where

Famed = fofa... fon(aifafa... fon +asfsfs... fon—1)
T s fan1(Qafafa - fan + @3f3fs - fon-1)

This map has n integrals given by

fafa. .. fon

fifs... fon

Ir =« @1,27’1 + @1,27’1 + a @1,271 + a @1,27’1 , 12
1(f1f3 B ‘7]@2”71 2r,1 —f2f4 . fon 27",0) 2%r41,1 3Y%2r4+1,0 (12)
where the argument of © is f; and 0 <r <n — 1.
A symplectic structure for the map is given by, cf. [4 9]
0 Jife Jifs fifs oo fifonr fifon
—faf1 0 fafs fofa oo fafeon—2  fofon
Qaon = | —f3H —1f 0 fafa oo fafono1 fafon | (13)
—fonft —fonf2 —fonfs —fanfs oo —foafon-1 O
Let g and h be functions differentiable with respect to the f;’s. We define a Poisson bracket
0g Oh dg Oh
g,hiy:= e dili— a5 tifi)- 14

1<J

We will prove that integrals are involution with respect to this symplectic structure, i.e {1, I} =
0, forall0 <r,s<n-—1.



2.1.1 Properties of Theta

In this section, we give explicit expressions of the Poisson bracket between two ©s. These will be proven
in Appendix A. First, we introduce a differential operator Ey := Zizl fié%. We can see that when

FE acts on each term in a multi-sum @ij? , we obtain a scale factor which equals the total degree of
the term. It is easy to see that every term in the multi-sum has total degree 0 if r is even and degree

(—1)*t! if 7 is odd. Therefore, we obtain the property of © as follows

0 if r even

EfO)P =
Ut { (—l)eﬂ@if if r odd
Now we give properties of Theta with respect to the Poisson bracket .

Lemma 1. Let 0 <r,s <p and e € {0,1}. We have

0 r,s are both odd or even
S

Z(_l)i@if@e@iﬂ,e r even, s odd and T > s

{©,7,00P}; =

7€

Z?O
Z(—l)iilel’p @ifm r even, s odd and r < s

r—i,€
i=1

Lemma 2. Let 0 < r,s <p.

1. If r = s (mod 2), we have

ial, 1,
Z (=1) ®Tf1—2li/2j,i®sf1+2Li/2J,i+1’ r<s
0<2i/2]<r—1

% 17 1’
Z (=1) Gs—pl—QLi/Qj,i@rfl-i-QLi/Qj,i—l—l’ r>s
0<2|i/2|<s—1

Lp lpy .
{@r,O’@s,l =

2. If r £ s (mod 2), we have

T
Z(—l)i@ifi7i+l@gfi’i, r=1 mod2,s=0 mod 2,
ety o), = =
Z(—l)z_l@if’mﬂ@iﬁ’i, r=0 mod2,s=1 mod 2
i=0

Using Lemma [l| and Lemma [2] we have the following corollary.

Corollary 3. Let r and s be both even or both odd and let e € {0,1}. We have
{015,011} + {017, 0L8}s =0,

1p 1 1Lp olp 0, r,s even,
0,708 r +{6,2,0, = 1 1 1 1
{ r—1,e’ ~s,e }f { T,€) s—l,e}f e P @sf s P @7":5, r,s odd

r—1,e s—1,e
1p 1 1 1,p 0, r, 8 even
{017, 1,017} + {O1r.017, |}, =
-1 1» s ,E ) —1 1 l’p 17p l»p 17p
r—1l,et s,eSf T,€ s—l,ex1Jf ®S—l,€:|:1®7'76 _ 6876 @r—l,e:lzl’ r,s odd

(15)

(16)



2.1.2 Involutivity of integrals
This section will prove the involutivity of integrals with respect to the symplectic structure .

Theorem 4. Let 0 <r,s <n—1. Let I., I be given by formula . Then

{1, Is}; =0.
Proof. First of all, we denote
fifs--- fonma
W=—"=——-
fofa. .. fon

It is easy to see that, for any g(f1, fa2,- .., fon)
{(W*, g}y = W Eg. (22)
Now we expand {I,, I} in terms of polynomials in oy, as, a3 as follows
{I, I} f = a1 A1 + a3 Az + a3 A5 + a1 Ara + araz Az + asasAss,
where
Ar={Wley + Wy, Wy + W,
1,2 QL2
Ay = {05711 1,09 1}y
A {@1 ,2n 1 ,2n }
3 = 1V2r41,00 25+1 0sf
1,2 L2n 1,2 1,2 11,2 1,2
A ={W"~ 1@27;? + WOy, 055 1 }r + 1004 1, W 1@25,? + WOy 0}y
—141,2 L2n 1,2 1,2 —141,2 1,2
Ay ={W lgzr? + WO, 5. 055 ot + {05110 W 1@23,? + WOy 0ty
1,2 QL2 1,2 L2
Azz = {05711 1,025 10} T {24100 Ot 11} 7+
We prove that all these coefficients equal 0. Using Lemma [I] and Corollary [3| we have Ay = A3 =
Aoz = 0. We now expand Ay, A1 and B3, We have

A=W (OFHOR Wy + 0321 (WL 037}y + 03505, Wy + 057 (W, 647 ) )
+ W (O3 082}y + O3T{ON W + ORI, 037 ) + 0375 {05% . W)
= W20, ErO31 — O3 Er0,77) — 0370 Ef05, ™ + 05,70 Er0,7) — 0,71 B0, + 0571 B0y
+ W20 (B0 — 0250 Er05,5)
=0,
where we have used . ‘We also have
A= Wt ({6%%2?7 5524?1 1t {@éffm @%’52,? )f + W({G%f& 5524?1 ik {@éffl,lv %szg}f)
+ O, W 02 13 + 0570 AW, 0520}y 4+ O30, | W b + 0570 {057 1 W
= W- (95}??(9;;?1,1 - 95}24:11,19522,?) + W(@;;Q,g@;ﬁrl,l - 95224:11,1@;}%1)
— WO B0 | + WO EO ) | + W71, | - We, 16,7, |
=0,.

here we have used again. Similarly we have Ay3 = 0. Therefore, we have {I,., I;} = 0. O



2.2 The case where d = 2n

In this case, we consider a 2n-dimensional map
!
sG : (v1,v2, -+ ,v2,) — (V2,V3,...,V2n41), (23)

where +
_1G&102V2n ag
Vopy1 = G(v1,v2, ..., v2p) = V] ————. (24)
QoV2V9, +

This map has n integrals given by
V2n ~12n—1 | V1 A12n—1 1,2n—1 1,2n—1
Iy =y (70@%,1 + E@w,o ) + 20y 1+ a3Oy 7 (25)
n

where 0 < r <n — 1 and the argument of Theta is f; = v;v;41.
The sine-Gordon map has a symplectic structure, cf [4] 9],

0 V1V2 0 VV4 ... 0 V1 V2
—V2U1 0 VU3 0 e V2U2n—1 0
’
QsG,2k — 0 V3V3 0 V34 ... 0 U3V2n | . (26)
—VanV1 0 —VanU3 0 ce. —U2RV2p—1 0

Therefore, we define a bracket as below.

Definition 5. Let g and h be functions differentiable with respect to v;’s . We define

0g oh  0g Oh
b= 2 o 2
lg. o} o Z (81),; dv; O, av)wﬂ 27)
1<j, i#Zj (mod 2)

We will prove that the integrals are involution with respect to this bracket, i.e we prove
{I;,Is}, =0,V 0 <r,s <n—1. We give properties of Theta with respect to this symplectic structure
and this bracket in the next section.

2.2.1 Properties of Theta

We present explicit expressions of the Poisson bracket between two Os. Similar to , we have
the following property. Let €,7,p € N . We have

0 7 even
E0Lr={ " ’ 2
Ore { 2(—1)6+1®71«j5 r odd (28)
We consider the map G, where
(017027 s 7vp) = (f17f27' . '7fp—1)
with f; = vv;31 and the Jacobian of this map is denoted by dG, = O for.. ’fp_l). By direct
8(1}1,2}2, e Up)
calculation, we have
2056, p—1 fimviir = dGpQc ,(dGp)T. (29)



Now we give the relationship between the two brackets. Let g, h be differential functions on RP~!. We
consider the functions g o G}, and h o Gj,. We have g o G,(v1,v2,...,vp) = g(f1, f2, -+ s fo—1)| fimviviss -
Thus, we get

vy vy T O, Ofy 0fy T Of,y ) P
Similarly, we have
2o Gy) 0(hoGy)  A(hoGy))  Oh Oh Oh i
dui 7 dug T O, CNOf1Ofy T Ofpr” T fizvivier-

Thus, we have

9(goGp) 9(goGp) 9(g° Gp) Q I(hoGp) O(hoGy) I(hoGp) )T

{g ° Gpa ho GP}U = ( vy s dvo yrees 8’Up ) sG,p( vy 5 vy P dun,
dg Jg dg / 7, 0h Oh oh 1
— (2 99 % a0l (da)T (2 2 .
o o, el D) G g g ) e

:2(@ 99 O ) 1(@ Oh  _Oh T
O 0f " 0fyr” TR0 0ROy T

= 2{g, h}slf=viviss-
We have obtained the following lemmas.

Lemma 6. Let 0 < r,s < p. We have

0, r, s both odd or both even,

22(—1)i@ifi7191’p r even, s odd and r > s,

s—1,1?

1 1
{91",71107 @sf}v =

r—i,1

=0
T

22(_1)1'—1@1,17 Gifi,b r even, s odd and r <s
1=1

Lemma 7. Let 0 <r,s <p.

e Ifr=s (mod 2), we have

% 17 17
2 Z (=1 @rfl—QLi/QJ,i@s—f1+2|_i/2j,i+1’ r<s
(org, o, = =g TN

7 17 17
2 Z (=1 @sfl—QLi/QJ,i@r—fl—f—ZLi/QJ,i-&-l’ r>s
0<2[i/2/<s—1

e Ifr# s (mod 2), we have
,
2) (10,710, r=1 mod2,s=0 mod 2,
CRACRITER T - (32
22(—1)i_1®ifi7i+1@},fi7i, r=0 mod2,s=1 mod 2
=0



Lemma 8. Let r and s both be even or odd and let € € {0,1}. We have

{@ma }1+{@r17 }1

{e.r

r—1,e’

{@'r 1 e:tl’

2.2.2 Involutivity of integrals

oLl + {0, 0.7 1=

} +{®i7§7 s— le:l:l}lz

=0,

0,
2@7" 1 e@;’

0,
293 1 e:i:l(_)

—20h

r,s even,

o 1€@r6, r,s odd ’
r, s even

— 204 @T let1: TS odd

Now we will prove the involutivity of integrals of the sine-Gordon map .

Theorem 9. Let I, and Iy, with 0 < r,s <n — 1, be given by the formula @ Then we have
{Ir,Is}, = 0.

v2n ), We have

Proof. With V' =

(VE g}, = +VE E,g.

, for any g(vy,va,...,

We write the Poisson bracket between 2 integrals as follows

{I, I}, = &2By + a3By + a3 B3 + ajaa Bz + a1az Big + asas Bas,

where
_ (Y2n ~1.2n-1 U1 ~12n—1 U2n ~1,2n—1 U1 ~1,2n—1
By ={—6y7 T o920 57 %21 T 0990 }os
U1 2n U1 2n
. 1,2n—1 ~1,2n 1
B2 - {@2r+1 1> @23+1 1Jv
1,2n—1 ~1,2n—1
By ={057110,095110 fos
_ (V2n ~1,2n—1 U1 ~12n—1 ~1,2n—1 1,2n—1 V2n ~12n—-1 , VI 12n 1
Big = { @27“71 + 921ﬂ,0 7@25—1—1,1 vt {627"+1,17 C_')2571 25 ,0 }TH
U1 V2n
¢ V2n ~1,2n—1 U1 12n—1 ~1.2n—1 1,2n—1 U2n 1,2n 12n 1
Bis3={——=0571  +—0650 60510t +{Os 10, 05 + ©50  tus
U1 V2n, U1
o 12n—1 ~1,2n—1 12n—1 ~1,2n—1
Bos = {09, 111:O25110 v + {0910+ O2it11 o

By Lemmas |§| and 8], we have Bo = 0, B3 = 0 and Bog = 0. Now we simplify By by using and

and Lemma [§]. We have

By =
vy 2r,1 2s,1 2s,1 27,1 ’ vy
1,2n—1 1,2n—1 U1 U1 1 2n—17n12n—1 U2n
+ 0550 {@2r,1 . 7}71) + 7( 251 19270
Van Van
1 2n—1 1,2n—1 1,2n—1,Al1,2n—1 V1
O5,.0 { 9050 ot Oiy {690 v)
V2n
V2n U2n 1,2n 1 1,2n— 1 V2n ~1,2n—1 1,2n— 1
- ( - 2r,1 E @25 1 2s,1 E ®2r 1
U1 U1
V1 (V2n ~1,2n—1 12n—-1  U2n ~1,2n—1 1,2n—1
+ ( @25,1 EU@2T,O - 2r,1 EU®2S,O
Uan \ V1 U1
U1 ~1,2n—1 1,2n—1 U1 ~1,2n—1 1,2n—1
+ 2r,0 Ev@Zs,O - 25,0 EU@QT,O
V2n Von

=0.

U2n( Ql.2n— 1{U2n 1,2n—1} +@1,2n—1{@12n 1 U2n
v

12n
2r0

v+ 60y

U1

V2n

1
{
1,2n—1

27,1

1,2n—1
2r,0

28,1

{ 'UZn

©

1,2n—1
2s,1

1 2n—1}v

12 1
25(7)Z }U

U1

2n

1,2n—1
25,0

E,©

1,2n—1
2r,1

)



We also have

Vo 12n—1 ~1,2n—1 L2n-1 gl2n-2 UL ([ a12n-1 o12n—1 1,2n—1 ~1,2n—1
By = o <{@2r 1 2 O9ii11te t{O0 1 0051 The) + vy {Ogr0 0211} + {09 11,0550 o
n

12n 1 U2n 12n—1 12n 1 12n—1 1,2n—1~1,2n—1 U2n
27‘1 { 2s+1,1 v 2'r0 { 25+1,1 ’U+®2s,1 {@27'—4-1,17 v }U
1,2n—1 1,2n 1 V1
+ BOq50 {627"—5—1,1’7}’0
Von
2090/ (1,2n-1 41,201 1,2n—1~1,2n—1

201 120141201 12n—141,2n—1
= (@27",1 @25+1,1 - @25 1 @2r+1,1> + (@23,0 @2r+1,1 - 623+1,1 @27',0 )
V2

n

U1
2020 1,.2n—141,2n— 1 2Ul 12n—112n—1 . 2U2n A12n—112n—1  2U1 A1,2n—11,2n—1
- vy 927’,1 925,1 927’,0 925—{-1,1 @25,1 @27‘+1,1 - @25,0 @27‘+1,1
n
=0.
Similarly, we obtain By = 0. Therefore, {I,., I;}; = 0. O

3 Involutivity of the mKdV map
We consider the mKdV map , where

B1vg + [av2

far = Brvg + B3vq (37)

As shown in [5], this map has |(d — 1)/2] integrals given by the formula (6) with 0 < 2r < d. If
d = 2n + 1, we have a 2n + 1 dimensional map . This map reduces to a 2n-dimensional map
with exactly n integrals via reduction z; = v;41/v;. For the other case, where d = 2n + 2, the 2n + 2
map has only n integrals which are not enough for integrability. However, this map can reduce
to a 2n-dimensional map with exactly n integrals by using a reduction z; = v;12/v;. We show that
the integrals of these reduced maps. In each case, we present a relationship between a corresponding
symplectic structures and the symplectic structure of the sine-Gordon map in the even case . This
relation can be used to derive properties of Theta with new symplectic structures. are involution with
respect to symplectic structures.

3.1 d=2n+1
Using the reduction z; = v;11/v;, we obtain the map

(21,225 -5 22n) — (22,23, . -, Z2n41), (38)
where

1 12223 ...%22n + Q2
2122 ...%22p Q1 + (329223 ...%29p

2n+1 =

The integrals of this map are given by

1,2 1 1,2 1,2
I = an (2122 20005, 0 g+ ————037" 1) + a2®2r 1+ 30y, (39)
’ Z1R2 ... 29n ’
where arguments for Theta are
_ _ 2.2 2 ,
fi=z1, fi=2725...2;_ 1z fori > 1. (40)



We obtain a symplectic structure Q,xqv p, for the map with p = 2n, cf[dl, 9], where

0 2172 —Z1%3 Z0%3 c. ( 1)
—Z921 0 29223 zZ9Z4 e (_1);0
QnKdv p i= 2321 — 2329 0 2324 oo (=P

(=1)P 220 (=1)P 22121 (1P 3zp_120 (=1)P742, 923 ... 0

Therefore, a Poisson bracket in this case is defined as

dg ah dg Oh
h}, = 1)i+ P = —2Zi).
{g’ } Z( ) (823 82’1 Zj — 8Zi aZjZ ZJ)
1<)
Now we consider the map M,: z — f given by

(ZlaZZa---vzp) = (f13f2a"'7fp)'

Let dM,, be a Jacobian matrix of this map. We have the following relation

dM QmKde dM - QSG»P |f1 =z1,fi

2 -
—z1z2 2P 1%

This implies
{g> h}Z = {g’ h}f |f1:zl,fi:zfz§...zi2_1zi :

Therefore, properties of Theta with respect to the Poisson bracket are derived from those in
Lemma [1| and Corollary |3| with respect to Poisson bracket . Hence, we have the following corollary.

Corollary 10.

{@71/57 @1’p}z =0
{0,501} + {6,103} =0
0, r, S even

{Gr 167@;5}2"’_{@}"’?795 15}Z :{ [a) 7171 @119 @1p @113

so1,Ore, T8 odd

Lp 1p 1p [0 r,s even
{G)r—l,e:i:lv @s,e }z + {ere ) @s lLexlSz — :

1p 1p P
@s—l,dﬂ@he - 95597’ letly TS odd

We also have

00,7 86;5 a@i?
R DI
821' >

This implies that

. 2
i even i odd

Thus, by , we obtain the following properties.

Proposition 11.

ia@}:g’ 0 T even
Z(_l) i = 1glp :
0z; (—=1)<en r odd

. T,€ >
(2

The involutivity of the integrals are obtained by using Corollary |10, and Proposition

10

00,7 o0,F 00, .
il Dl —Z 57, filnmansimstipot o= BrOW ey fimste ot o
7

(48)



3.2 d=2n+2
Now using a reduction w; = v;y2/v;, we obtain the map
(wl,wQ,...,an) — (wg,wg,...,w2n+1), (49)

where
1 Brwawy . . . Wy + B2

WIW3 ... Wap—1 1+ Pswawasd ... way

Wan41 =

Integrals of this map are given by

_ 1,2n+1 1 1,2n+1 1,2n+1 1,2n+1
I, = o (w2w4 . w2n®27~_1,0 + 7(9%_1,1) + 042@27«,1 + 043@27«70 ) (50)
WaW4 . ..Won

where 1 < r < n arguments of © are
f1 = 1, fi+1 = wiw2 ...w;.

The map has a symplectic structure, with p = 2n,

0 wi1w9 0 0 0

—wWaowW1y 0 WL W2 0 0
Q;anvp — 0 —wWs3wWy 0 Wows 0 (51)

0 0 0 . —wpwp—1 0O

Therefore, we define a Poisson bracket
/ dg Oh dg Oh

h}w = (Vg)'Q,vh = W ——wjw; 52
{gv }w ( g) D ZZ: (awl 871)7,_;'_1 W;Wi+1 8wi+1 awl w'LwH-l)y ( )

where g and h are differentiable functions.
Now we give a relationship between the symplectic structure and the symplectic structure ((13]).
We consider the map K, given as follows

(Zl,ZQ, e ,Zp) — (fg, . .,fp+1),

where f; = z122...2;—1 and the Jacobian matrix of this map is denoted by dK,. By direct calculation
we have

dedeKg = S(QSG’p) ‘fi:zlzg...zi_lﬂ (53)

where S is a shift operator. Therefore, we have

{97 h}w(UJ1, w, ... 7wp) = {gv h}f ’fi=w1w2...w¢,1, 1>29 (54)

where the left hand side is defined in and the right hand side is defined in . Using this identity,
Lemma [If and Corollary [3] we obtain the following corollary for r, s are both even or both odd.

Corollary 12.

{@72":57 @gjf}w =0, (55)
2, 2, 2, 2,
{@T,g7 @s,zlj}w + {@7’,{)7 Gs,g}w = 07 (56)
0 r,s even
2,p 2,p 2,p 2P — ’ ’

(02 0he + 103260 Do ={ o, o0 e, 02, raod O

0 7,8 even
@2717 @2,p @2,p @2,}7 _ 5 N ‘ 58
{001 ,ex15 058 bw +{607F, 0.1 ci b egf)l,eil@%f—@??9%17&1’ r,s odd (58)

11



Now since f; = 1, we have @M = G) + @T 1e+1- Using this identity and Corollary we obtain
the next corollary.

Corollary 13.

7,8 even

0,
©20h={ g g o o2 (59
T,€ w D P P P )
@s 1,6:‘:197”»5 - GT—1,€i1®5767 r,s odd
0 r,s even
(O, 611)n + (O} 0k = { & |
r07 w 7~17 2,p 2,p 2,p P
0,721,090 — 9554 0@ +02, 195 - e 1@7~17 r,s odd
(60)
2,p 2,p 2,p
{el,p @ } 4 {@ 1,p} _ @ 26@r let1 @sfl,eil@ere’ r,s even (61)
rer Ys—1exlSw r—1letl) Ys,e Jw — @2,]0 @2,}0_@2,? @2710 dd
s—1,ek1~T€ r—1l,etl1~S,€> r,S5 0
2,p 2,p 2,p 27p 2,p 2,p
@r—2,1@s—1,1 - 95—2 1@ 1,1 + es 1 1@7“—1,0 G)r 1 1@5—1,0
oL (7,s even)
CHNCRI PR CRAPRCR
s—1,0Jw r—1,0° s,O w 2,p 2,p P 2,p 2,p
@7’—1,0@8,0 - @ @r 1,0 + 67' 1 063 1,1 @T—l,l(_)s—l,o
L (7,5 odd)
(62)
2,p 2,p 2,p 2,p 2,p
@1"72,0@571,0 - C'-')572,061" 1,0 + @s 1 O@r 1,1 @r71,06571,1’
oL T, s even)
{7 +{0,” T =
r,1o s 11 w r—1,1» s,1 w 2,p 2,p 2,p 2,p 2,p 2,p
0,711051 @ @ 11+ 6, 011055 0 — 0.5 091 4
(7 odd)
(63)

Using this Corollary, one can prove that the integrals given by are in involution with respect
to the symplectic structure (51).

4 Involutivity of the pKdV map

In this section, we give a proof of the involutivity of integrals of the pKdV map . Similar to the
sine-Gordon map, we consider two cases where the dimension d of the map is even or odd. For both,
there are not enough integrals for integrability, therefore we need to introduce reductions. We present
a symplectic structure in each case for the corresponding reduced map and give a relationship between
these symplectic structures. For the case where d is even, properties of multi- sums of products, ¥, with
respect to its symplectic structure are proved by induction. For the case where d is odd, properties of
U are derived from those in the even case and the relationship between the two symplectic structures.

4.1 d=2n+2

We have a 2n + 2-dimensional map . The integrals I, of this map are given by with0 <r <n-1
which are not enough integrals for integrability in the sense of Liouville-Arnold. Therefore, we use a
reduction ¢; = v;—1 — v;41 to reduce the dimension of the map by 2. From the equation and rewrite
the indices, we obtain the following map L:

(01,02,...,02n) = (62,03,...,02n,62n+1), (64)

where ~
C — —Cl1 —C3— ... —Con—1- 6r)
2n+1 c c - 1 3 2n—1 ( )

12

)



This map has exactly n integrals given by

I, = \I/if?_l — (C2 +cp+... .+ Czn)\pif?_z — (Cl +c3+ ...+ an_l)\lfzf?_l
FUP T (13t oA conm1)(co oo eay) — )WL (66)

The following symplectic structure Q,xqv of the map is given in [4, [9]

0 1 0 0... 0
-1 0 1 0...0
1...

Qravon =] 0 —1 0 0]. (67)

o o0 ... -1 0
Hence, we define a Poisson bracket as follows.

Definition 14. With differentiable functions g and h, we define

{g.h}c ::Z(ag Oh__ 9 @), (68)

Oc; Ocip1 Ocip1 Oc;

(2

We prove that the integrals of the map L are in involution with respect to this Poisson bracket.

4.1.1 Properties of Psi

Similar to the sine-Gordon map, we present properties of Psi with respect to the Poisson bracket .
We use induction to prove these properties.

Lemma 15. Let p> 1 and 0 <r,s < [(p+ 1)/2|. Then we have the following identities
{WL P, WP} =0, (69)
(WP, wle ) 4wl L ey, — o, (70)
From this lemma we have following corollaries.

Corollary 16. 1. {UP w!Pr1) 4 (wlPrl wory = wiPul?~! _ giPg P!

r—1 >
2. {USP WY =0 with 0 <r,s < [(b—a)/2] +1
SR R GO PR & W S S (ol EE R e e
VIR 20 G R A L G T
5. {UpP WP (Pt WPy = 0
6. {UP, U2 Y+ {22 WPy = UP P - P
VAR ZE S PR L A e B e 1A Zo

8. {Up P WPPY, 4 (2P WPt =0

1,p 1.2,p—1 2p—1 1py _ a2.pqlp—1 2,pa1,p—1 2p 1 1lp—1 2p 1 lp—1
9. {¥,?, \Ifs_pg c+H{UIP Ut = Uy p\Ils_pl — W p‘Ifol + P WP — \Ifs_pl‘l’rp

r—2

13



4.1.2 Involutivity of the integrals
We prove that the integrals of the pKdV maps are in involution with respect its Poisson bracket
by using the above mentioned properties of W.

Theorem 17. For all0 <r,s <n —1, we have {I,,Is}. = 0, where I, I are given by (@)

Proof. To prove this theorem we need the following formulas. Let g(ci,co,...,co,) be a differentiable
function on R?". Denote

Ci=ci4+c3+--+cop_1, Co=co+cqg+ -+ cop,

we have 99 9
{9.0e =5 {0.Co}e = 5 (71)
dcy

We write {Ifr"Is}c = A1 + A2 + A3 =+ A4 + A5 + A6 + A7 + AS + Ag + AlO =+ AH where

Ay _{\Plzn 1_0\1112712\1];,2?1_0\1/1271 21
A2 :_{\111271 1 CW?Q? 1 . {C \112271 1 12n 1}c+{C \Pz%l’b 1 C\I/22n 1}C
Ag _{\Ill 2n— 1 22n 2}C+{\P22n 2 12n 1}C+{\P22n 2 22n 2}0

1,2n—2

Ay ={Cy w”" 2 01\1@2;‘ N+ {a W" Leyul2n=2y,
o 12n 2 22n 2 22n 2 1,2n—-2
A5 = —{CoW, " Yo — {0,707, CoU T e
_ 22n 1 22n 2 22n 2 2,2n—-1
A6 - _{C \II }c {\IJ 01\1’871 c
Az o= {0,277 1 (0102—7)\1@’2" 1}0—{(0102— )L T i
Ag i = —{CoU 2072 (C1Ch — 7) UL} — {(C1Co — ) U™ 1,02\1;;37; 21
Ag i = —{CrI72 71 (10 = )" e = {(C1Cy — ) U O e
AlO — {\1/2 2n— 2 (0102 _,7)\1,3271—1}0_‘_{(0102 _ )\I’l ,2n—1 \112 2n 2}0

Apy = {(C1Cy — ) T2 (C1Cy — ) T2,

[

Using Lemma Corollary (16| and formulas , we have

o 12n-20220—1 1,2n—2.1.22n—1 12n 2.:29n—2 1,2n—2.1.2,2n—2
Al =v v - \I]sfl \Ijrfl + C ( \Ilrfl - \Ijrfl \Ijsfl )’

hg = GG gianoiglant | o (i lgias _ gamn-igian
A3 _ 32? 1\112 2? 2 _ \IJ2 2n 1\:[;7{ 2;), 2’

A4:—\I/7{2? 2\I/§2§L 1_1_\1/32? I\II; Q;L 27

A5 = =Co (W02 - W),

A :_Cl( 221’L 1\1132111 2_\:[/2211 1‘1122111 2)'

It follows that A1 + Ay + A3 + A4 + A5 + Ag = 0. Now we show that A; + Ag + Ag + A9 + A1 = 0.

14



We also have
A7 = Oy (U122 AT 4 Oy (W2 T — w2,
AS _ 02(0102 . 7) (\P;,Qn—l\I}?ln,Qn—Z - \I}%,2n—1\pi,2n—2) + C2 (\Pif?—Q\P;,Qn—l - \I/if?_Q\I/%’zn_l)
- OUC (U W) (010, ) (W gl g,

r—1
Ag — Cl(ClCQ o ’Y) (\P%,anl\l,zﬂnfl o \Ili’2n71\1172q’2n71) + Cl (\I,gf?—l\];,?lnznfl _ \Ilzf?—l\l/iﬂnfl)
L B e B R e e s )

= (O o) (U 2 g g g gt
All _ (0102 _ 7)01 (\I/;Qn_l\lfzzn_l _ \117];’2”_1\113’2”_1) + (\Ili’Z"_Q\Ili’zn_l _ \I/;,Qn—lqulj,Qn—Q)
(Ciea —7)Co.

This implies A7 + Ag + Ag + A19 + A1 = 0. Therefore, we have {I,, I;} = 0. O

4.2 d=2n+1
We introduce a reduction u; = v; — v;41. We obtain a 2n-dimensional map

Y
UL, ULy ey U — (U9, U3, ..., U —U1— U — ... — U 72
( 1, U1, ) ZTL) ( 2, U3, ) 2n,U2+U3+...+U,Qn 1 2 2n) ( )

with n integrals (0 <r <n—1)

I, = \1132711—1 — (UQ +us+ ...+ UQn)\I/gf?_2 — (u1 +us + ...+ UQn_l)\Ijif?_l

+ \Ifif;_z + ((UQ +us+ ... Fuop)(ur +ug+ ...+ uzp—1) — 'y) \1172«’2”71, (73)

where the argument of ¥ is f; = 1/(¢;ciy1) with ¢; = w1 + u;. Based on the method given in [9], we
obtain a symplectic structure Q;Kdv’% of the map with p = 2n

0 1 -1 1... (=1)
-1 0 1 —-1... —1p71
Q;)KdV,p — 1 -1 0 1 1 7 (74)
(-1 (-1t 10
and this defines a bracket
dg g . oh oh .
ht,=(=—,...,=— — e, —
{g’ } (aul aup) pKdV,p(aul 8Un)
= Z(_l)i-i-j(@% g Oh ) (75)

i< 8uz 6uj au]' 8uz

Now we present a relationship between the two symplectic structures (67)) and (??). We consider a
map P as below
(u17u27 cee ’un) — (627 C3,..., cn)u

where ¢; = u;_1 + u;. We denote a Jacobian matrix

d(ca,c3,. .. Cn)

dP = .
8(U1,U2, ey, Up

15



By calculation we obtain
dPQ kv o dPT = Qprava-1- (76)

Similar to the sine-Gordon map, we have a relation

{f>g}u = {f»g}c |ci=ui,1+u,‘7 (77)

where f(ca,¢3,...,¢n) and g(ca, ¢, ..., c,) are differentiable functions. It follows that all the properties
of Psi with respect to the first bracket are preserved with respect to the second bracket . These
properties are used to prove the following theorem.

Theorem 18. Let I, I be given by . Then for all 0 <r,s <n—1, we have
{I,Is}, = 0.
Proof. Firstly, we need the following formulas

dg

{g,ug +ug + ...+ ugp by = B’ (78)
15)
{g,u1+uQ+...+uQn,1}u:—ag .. (79)
U2n

Using these formulas, and properties of Psi with respect to the second bracket which are the same as
those with respect to the first bracket one can proved the involutivity of the integrals similarly as
we did for the case d = 2n + 2. O

5 Discussion

This paper has proved the involutivity of the sine-Gordon, pKdV and mKdV maps directly by using
induction and recently found symplectic structures of these maps. In order to prove these maps are
completely integrable in the sense of Louville-Arnold [2], we also need to prove functionally independence
of their integrals which we hope to be publish elsewhere [12].

It should be noted that the integrals of all equations in the ABS list[1], [I1], with the exception of
Q4, are expressed in terms of multi-sums of products, W. Therefore, it would be interesting to study
symplectic structures and integrability of the equations in the ABS list.
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A Proving properties of ©

First of all, the following lemma follows directly from ([15]).
Lemma 19.

s 0 r even
1,p p(=1) _ .
{@7‘76 ) fp+1 }f { (_1)s+6+1f;§;i) @7{’75 r odd (80)
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A.1 Proof of Lemma [1

Proof. We will prove this lemma by induction. The following properties, given in [5 [11], will be used
in our proof:

@ub @ab 1+fb(_1)e+r@g£71—é (81)
out — o5t 4 IO, (82)

We first assume € = 1. One verifies that holds for p = 1,2 and for all 0 < r, s < p. Suppose that
hold for p — 1 and p (p > 2). We will prove that holds for p + 1.
Using identity , we expand the left hand side of and we obtain

{@ 1,p+1 @i’€+1}f
_{9/{)’ © ’p}f + fp {67“ 1,15 1’p}f + @ 1{ p+1 @l’p}f + f15+1 {Qr’f7 O, P 11}f

1 7‘+1+ S+1 'r+1 1 s+1
+®s 11{97“1’ p+1 }f erl) {@r 1,1 0, 11}f+®r 11 s— 11{fp+1 fggﬂ }f
, _ -1 s+1
+ fp+1 0,% l{fp 5—1,1}f + fp+1 Sy {6,7 11:f;§+1) 72 (83)

The case r = s is trivial. Now we distinguish 3 cases.

1. 7 and s are both even or both odd. Since {©,7] 1o+l @S’f“} —{oe,7 Lptl g vI?Jrl}f7 without loss
of generality we assume that r > s. If both r and s are even, on the rlght hand side of . the
first, third, fifth sixth, seventh terms vanish. Thus, we have

) 1 2 1 k ’ 7 1’ -
{@ - p+ b fp+1({@r 1,1, © }f+{®'rf7®spl l}f)+fp—i-11®Tfl,1{fp—i-11’ 5— 11}f
+fp+1@s 11{@7" LD p+1}f

s

— 1 B ) ’.
:fp—i—ll(Z(_l) @s pz ler pz—l—l + Z 'r—fz 195 1—2 1) + fp—l—l@r 1 19811?
i=1
- fp+1@s 1, 1@1“7101 1
s—1 s—1
-1 , 1, 1
:fp-i-l(Z( )J+1®s pj 1 lgrfj) + Z(_l) @r—fz 193 1—1 1>
j=0 =0
=0.

With r > s and r, s are both odd, on the right hand side of the first, sixth, seventh, eighth,
and ninth terms vanish. Therefore, we have

Pl Alpt+l
{e 7t e " }f

_fp+1({@r 117 }f+{@rl7 s— ll}f)+® pl 1{fp+1, }f+@s 11{@7“17fp+1}f
s—1

1p i—1qLl.p Lp 1p Lp 1p 1p
*fp+1( r 1+z 193—1,1 - (Z(_l)l @s—l—i,1@r+i,1)> - fp+1@r—1,1@s,1 + fp+1@s—1,1®r,1
i=1
S
1p P D P
—fp+1( 7" 1+z 1@5—1',1 - (Z( )]95 -7, 1@7‘+] 1 1)) fp+1@r 1, 1 + fp+1@3 1, 191'1
=2
N 1p
fp+1( 211057 — @r 195 11) fp+1@r 11@ +@s P 1 fpr19,]
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2. ris even, s is odd and r > s. We have
P+l Alp+l
(o, 77, 0.7}

. ). 1, -1 1,
_{@rf7 @ p}f + {@7" 1,1 s 1 1}f + fp-i—les 1, 1{97‘ 1,1 fp+1}f + erfl,l{fp-i-l’ es,f}f
s—1

_E : oLr E : i—-1gLlp 1p 1p
r—l—z 1 s—i,1 ( (_1) (—)s—i—l,ler—l—i-i,l) + 65 1 197" 1,1 + fp—i—ler 1 195,1
=1
_} : 1p P } : Lp P
7’+z 165 i1 s 7, 1 1@r—1+i 1 f +1@r 1, 163 1

_ Z 7P+1 1p+1
r+z 1 s 2,17
where in the final equality we used .

3. ris even, s is odd and r < s. We do similarly as in the previous case.. Therefore, with ¢ = 1
identity holds for p + 1. Then, it holds for all p > 0.

Now with the case e = 0, we introduce t; = 1/ f;, then we get

0.5 ({f:}) = O ({t:}).

We have
. 891’5 005 00,15 00,%
{08, 0.8 ({£:}) Z 5t ar — of or Mili
2\, of;  of; of
_ (8(9,;{’ 8@ t 22 00, 0.p 8@8’]10 9 2) 1
ot atj J atj ot It
= (o1, 0.1 e({ti = 1/£:})-
This proves our statement with ¢ = 0. O

A.2 Proof of Lemma [2

Proof. We prove by induction again. It is easy to see that can be rewritten as the following
(respectively)

[(r=1)/2] (Ll Lp 1,p 1,p
{@l,p olry, — >0 ( r— 2@ 1095+2¢+1,1 _@r—Qi—1,1@s+2i+1,0)’ r<s (84)
7,00 Vs, 15 f ZL(S 1)/2J( @1710 _@LP @LP ) r>s ’
Loi 1,097 +2i+1,1 s—2i—1,197+2i+1,0)>

Identities (or ) and hold for p = 1,2. Suppose that they hold for p—1 and p (p > 2). We
will prove that they hold for p + 1.
Using identity (81), expanding the left hand sides of (or (84)) and we have

,p+1 1,p+1
CHARNCI AR
_1)s+1

; 1, 1, ( 1,
_{6r8+fp+1 rp10’@s§)+fp+1 spl l}f

_ s+1 1\ _1\s+1
:{@r’ga@ ; }f7L ) (1 {91" 10793 1,1 f+®r7g@ {f;EJrP ) zEJrP br
—1)st1 1)s+1
+f ) {@r’ga@s 11}f+fp+1 {@r 10,© }f+@s 11{9r0= p+1) by
1) —1)st+1 -7 A1,
0,- 10{ ; }f+ }S-‘rl Pl 11{@r 107f;§+1 by fp+1 0,710 (f;§+1) 0,711 s (85)
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1. r =s (mod 2). We distinguish 2 cases.
Case 1: s —r =k > 0, we first prove the following

o1 r—1

1, _ i+ ’ L
Z( )z+e®s - z—&—e@r—&}—oi,i—i-e—&-l — Z( )Z €@r p@—l Z+593fi7i+6+1' (86)
i=0 =0

The left hand side of this identity equals

'
|
—

ite § : z+e Lp
( ) @s 1—2 H—e@r—H i+e+1 + @s 1—3 z+e@r+i,i+e+1

i

r—1
_ k+j+e 1,p
- (=1) 67“ Jj— 1k+]+e@s+j,k+j+e+1
Jj=0
k1
2
i+e Lp k—1—itenlp 1,p
+ (< ) 68 1—i Z+e@r+i7i+e+1+<_1) 93717(kfifl),kfiflJre@r—i-k—i—l,k—i—i—e)
=0
k
r—1 7-1
f§ : 1)i+e § : H—e 1p _1\ite+l 1p
- ( ) @r —Jj— 1j+e®s+j,j+e+1+ @s 1711+e@r+i,i+e+l+( 1) @rJr'L Z+6+1687i71,i+6)
=0
r—1
— i+egqlp Lp
- ( ) 97’ i—1 z+e®s+i,i+e+1’

Il
o

i
which is the right hand side of .
Now using , we expand the right hand side of the first identity of . We have

15
2
1,p+1 1p+1 1,p+1 1p+1
E : (91"—21'—1,098+2i+1,1 - @r—2i—1,1@s+2i+1,0)
i=0
B
_ 1,p 1,p 1,p 1,p 1,p 1,p _oblp 1p
- (@r—Qi—1,0@s+2i+1,1 - @r—Qi—1,1@s+2i+1,0 + @r—2—2i,0@s+2i,1 Gr—2—2i,1@s+2i,0)
i=0
B
(71)7‘71 17p 17p 17p 17p
+ o1 E : (@r—2—2i,0@s+2i+1,1 - @r—2i—1,1®s+2i,0)
i=0
B
(71)8 17p 17p 1ap 1ap
+ o1 E : (@r—Qi—l,O@s-i-Qi,l - 67’—2—%,1@5—1—22'—1-1,0)
i=0
|55
_ Lp Lp 1p 1p _ aolp 1p
- (97«—2@‘—1,0@3+2i+1,1 - @r—Qi—l,le +2i+1,0 + @7“ 2—2i O@s+2i,1 @r—2—2z‘,1@s+2i,0)
i=0
-1
(-1) s+1 -1 1_16 1 X Gl,p (87)
+ fp+1 Z( ) r—1—i,i+1 S+zz p+1 Z r 171 070 s+i,0+1
=0 1=0
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If r and s are both even. Using and the induction assumption, we have
,p+1 Alp+l
ChaaNChAT

r/2—1 r/2—1
_ 1Lp Lp Lp Lp 1,p 1,p 1p 1p
- § : (®r72i71,0®s+2i+1,1 - @r72i71,1@s+2i+1,0) + E : (67«—2721,06%2@1 - ®r7272i,1®s+2i,0)
i=0 i=0
r—1

E : iglp Lp Lp Lp
+ fp+1 (_1) es—l—i,z’—i—l@r 1—i, + @s 1,l@r—1,0 - er 1 Oes 1,1
=0

( 1 st i—1 17p
fp+1 E ( ) 65 1—i z+1@r+i,i7
=0

which equals by using with € = 1.
If r and s are both odd, we have

1prl Alptl
{6,57,0.7 }y

1554] 1752]
2 2
_ 1p 1p 1p 1p 1p P 1p 1p
= (@r72i71,0@s+2i+1,1 - 6r72i71,1®s+2i+1,0) + (6T7272i,0®s+22 1 ®r7272i,1@s+2i,0)
=0 i=0
+ (1)t - -1 i@1»p @ + - 1— 1@ @1717 (=1 S+1@17P @1710
fp+1 ( ) s—1+i,0+1 " r—izg fp+1 ( ) s—i,4+1 " r—141,2 fp—i—l s—1,1~r,0
=0 =0
=D"g
+ fp+1 r 1 06
1552 1752]
2
§ : oblp 1p 1p 1p Lp 1p 1p
T 27, 1,0 s+2i+1,1 - @r—%—l,l@s+2i+1,0) + (@7’—2—2i,0®s+2i,1 - @r—2—2i,1@s+2i,0)
=0 1=0
r—1 -1
+ !]c(—1)3'~'1 (— )z lglr glp + f(—l)r : (_1)2'@1,17 eLp
p+1 s+i,i r—1—i,i+1 p+1 s—1—i,0 " r+i,i+1"
i=0 =0

which equals by using with € = 0. Thus, the first identity of (or (84)) holds for
p+ 1.

Case 2: s —r = —k < 0, we have
(0,57 0.7 lfit = {0,170, elts = 1/ 1} = {0,857 0,7 et = 1/ £}
This implies that identity (or ) also holds for p + 1.

2. r# s (mod 2). Case 1: s —r =k >0 With r even, s odd and r < s, we now expand the right
hand side of the first identity of with p + 1. Similar as , we have the following identities

s r—1
i—1 Y 17p _ i l»p 17p

§ :( ) @s zH—l@r—i-i,i - E :(_1) 63—1—i,i+1®r+i—1,i (88)
=0 =1

s—1 r—1

§ : i—1Lp § : z 1oLp 1Lp _ § iL.p 1p

( ) @s i—1,4+1 r+m + @s i H—l@r—l-i—l,i - (_1) 6r—1—i,i®s+i,i+1
=0 i=1

_ .
+Z(7 Z 1®r 1— H—l—l@s—fi,i' (89)
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We now expand the right hand side of by using we obtain

S S

i—1glp+l Lp+1 _ i—1 1 1 1,p
Z( ) @s i z—l—l@r-‘ri,i - Z( ) @s 4,0+1 7"+z A + fp+1 Z es i—1 z—l—l@r-i-i—l,i
=0 =0

S
Z 1 P 17p Z 1 »P 17p
+ fp+1 E (1) 65 i—1,i+1 r+i,i + fpr1 E :(_ @s u+1@r+i71,i'

i=0
(90)
For the left hand side of ([18)), using (85 and the induction assumption, we have
Lp+1l olp+l
{@ @s,l }f
_ z 1 P Lp
- E :(_ @s 4,9+1 r+z i +1 Z s 1+z 1+1@r717i,i
-1
155
1p 1p 1p 1p
+ fp1 Z (6r72i71,06571+2i+1,1 - ®r72i71,16571+2i+1,0)
i=0
—2
155
1p 1p 1p 1p Lp _
+ fpr1 Z (9r7172i71,093+2i+1,1 - 9r7172i71,1@s+2i+1,0) fp+1®r 10@ p+1@s 1 1@7‘ 1,0
i=0
S
_ E : z 1 1 1p
- (_ es i,i+1 7‘+zz+fp+lz 5 1+zz+1 r— 1 —i,i +fp+1z r 1 zz@s+i,i+l

Z 1 P 17p
+fp+1§ :(_ 67“ 1— zz+1®s+i,i

s
_E: )it Pl Alptl
- (_ 63 i z—i-l@r—l—i,i

where in the final equality we used and . That implies that the second identity of
holds for p + 1.

With r odd, s even and r < s. We do similarly as the previous case.
Case 2: s =r = —k < 0, identity (18] still holds since

{@r07 }f{f’l}_{@r17 } {ti=1/fi} = {630’ }t{tz—l/fz}

O
B Proving properties of Psi
B.1 Proof of Lemma [15
Proof. We prove and simultaneously by induction. We use the following property
\I]a b+1 =yt Q\I/ab +\I’ab 1 (91)
and therefore we get
=yt 92
= (92)
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We see that (1) and (2) hold for p = 1 and p = 2. Suppose (1) and (2) hold for p — 2,p — 1 and p. We
need to prove that (1) and (2) hold for p + 1. Expanding the right hand side of the first identity, we
have

{\Ij;’pﬂa \I’;’pﬂ}c = {Cp+2‘1’i’p + \Piffl’ Cp+2‘1’;7p + \I'iffl c
= {Cp+2\p%7pa CP+2‘P;’p}c + {Cerqu%’pa \I’iffl cT {\I/if;17 CP+2‘I/;’p}c + {\I/iffl, \Ijif)fl c
= cpr2VP{UP, cpiate + cpraWrP{cpra, WP be + WP {op o, U071
I )+ (VP07 (012 00}

_ 1pqlp—1 1pqlp—1 1p Lp—1 Lp—1 g1,
S LA S Bl e (AR i S e e M B

For the second identity, we also have

{UpP WP he + (U WP e = {ep WP + W0 L WP Y+ {002, WP + 0T
= {02 Wb+ (O, W e = U P T
Now to prove (1) and (2) hold for p + 1, we only need to prove that
T o= (0P wbey, 4 (wke gl - wleglrrt ogleglPrt = o,
Using and the induction assumption to expand T', we obtain
T = (@™ + W)U — (e 0y 4 00w

17 -1 17p_2 ]-7p_1 17p_1 17 —1 17p_2
+ {cp+1‘llrp + \I]rfl ’ \I}sfl et {\I] Cp+1llls P77+ \Ilsfl c

r—1 >
_ glr—2g31p-1 _ glp—2glp-1 1,p—2 g 1,p—1 1p—1 g 1.p—2
- \I]sfl ‘117“ \I]rfl ‘lls + ({lprfl 7\1’371 ¢t {lprfl 7\Ilsfl C)
1,p—1 Lp—1 Lp—1gglp—1
+ \I’T {cp'f‘l’ \Ilsfl } + \Ils {\Ijrfl ’CP‘H}C

_ glr2glp-1 Lp—2g1p-1 1p—-2 glp-1 1p—1 glp—2
- \Ijsfl \IJT - Cp+2\11r71 \I’s + ({\Ijrfl ’\Ijsfl ct {\Ijrfl ’\Ijsfl C)
Lp-1g1lp—2 | lp—1glp—2
- \Ilr \Ijsfl + \Ils \Ijrfl
_ 1p—-2 glp-1 1p—1 g1l.p—2
- ({\Ijr—l ’ \Ils—l } + {\II \Ils—l )
=0.

r—1 »

That means (1) and (2) hold for p + 1. O

B.2 Proof of Corollary
Proof.
1. It follows from the proof of Lemma

2. It follows from Lemma [T5
3. Using (2) we have {U2? 2P}, = 0. On the other hand, we have
{\I]?J’, Wg’p}c = {CO\P,},’p —|— \112713 COII/':SL’p + \112,]0

r—1» s—1Jc
2 2 2 2
= {coU; P, coUiP}e + {coU P, WP b + {U5P cgUiP)e + (V27 UoP ),
2 2
= coULP{U, 7 co} + coUpP{co, Uit }e + co({U0P, WoP e 4 {UF), WiPY,)
2 2
+UIPLUET code + WP o, U,

= —cqULPU2P + coUIPUEP 4 o ({UP, U2P, ) + (WP wir})

r—1»

Therefore, we get {\Ilqln’p, \Ilifl .+ {\112’p \Ili’p}c — plryr _ glryg2e,

r—1»
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. For this identity, we expand the left hand side. We have

i 17]3 0,]7 17p 0’p LP 1,p

LHS = {¥, Wb —co¥ife + {\I/H-l — oW, 1y, U te
—_— 17p 0’p 0’p 17p l’p 17p 17p 17p
= {\IIT ) qjs—&—l et {\IIT+17 P }C - \Ils—i—l{qu 7CO}C - \Ijr—f—l{CO? s }C

— Lp qop 0,p Lp Lp \qy2.p Lp \p2.p
- {\IIT ’\Ijs+1 ¢t {\IIT+17 \Ijs }C + \Ils—i—lqu - qu-{—llps .

By property (3) we have

1,p pr pr 17p _ pr 17p _ pr 17p
{\Ilr 7\I]s+1 et {\IIT—Q—D \Ils }C - \Ils—i-l\I]r—&-l \I]r—i—l\:[/s—i-l
_ 1p 2,p\ g 1.p Lp 2,0\ Lo

- (CO\IIT—H + \Ilr )\I’r—i-l - (CO\P + \I’r )\I’

r+1 s+1
_ w2rglr _ g2eqylp
- \Ijs \IJrJrl \IJT \I’erl'

It means that {\I'}«’p, \Ifz’p}c + {\If%’p’ \Ijé’p}c = 0.

. One can verify that this identity hold for p = 1,2,3. Now we expand the left hand side but
replacing p with p + 1. We have

LHS = {\I/%pv Cp+2‘I’§’p + ‘ngfl c+t {Cp+2‘1’3’p + q’zfl_17 \I/;’p}c
= Cpaa({ UL, W2P}o + {UPP WIPY) + UIP{ULP cpobe + PP {cpia, TP},
SRR 2 S PR A G G B
S 7 TR ol DU (PR e il (g o
U G U T
e 7 TR T G ONRY € Gl G SR L G i 9

+ P e, WP e+ WP TR Yo+ {00 W e {0 0T

r—1 » *s—1 c r—1 » *s—1 c
— y2prgylp—1 2,p\ylip—1 1,p—-12,p—1 1,p—1y2,p—1
= v Pw, woPw, +cp+1(\115 P v v )

r
R e e (i e,
= {02 W e (O WP

Therefore, using induction we prove our statement.

. This identity follows from the proof of the identity in (5).

. We have

(U WP e+ {2 WP = {00P, WP — WL,

T ATt

= =W P{U P, cppate — UpP{eppa, Uit}
— _\11;7P\I/7{7p—1 + \I;iqu;;,p—l

. We prove by induction. This identity holds for p = 1,2. Suppose that this identity holds for p —2,

23



and p — 1 we need to prove that it holds for p. We have

(U 020, 4 (00, 1),
= {cp2ULP 4 plr-1 2P}, 4 (2P e WP \p;fl—l .

r—1 >
_ qgplr—1l g2p 2,p qlp—1 Lpyy2.p—1 Lpg2.p—1
- {\Ilr—l ?\IJS }C + {IIJT ) \I]s—l c \I/T \I]s + \Ils \Ilr
— 1,p—1 2,p—1 2,p—2 2,p—1 2,p—2 g,1,p—1
= {\Ilr—l 7cp+1\113 + \I]s—l et {cp-‘rl\llr + \I]r—l ) \Ijs—l c

— \1;1{717\1/?710—1 4 q;;,p\pz,p—l
= {02 W e+ {U, 2 U e e ({0 03P e {02 WP )
i R s A T FUR A
= o ({W, 77 3P e o {URPT 0 ) 4 WP ey
— \I/Tl,’p\Ilg’p_l 4 \I;;m\pg,p—l‘
Since { @2 WP A {U2P T WP = 0 (by (4)), we get {ULP WEPT Y = (WP 0P
Similarly, we obtain {W>F~!, \Ilif’fl = {\liiffl, P 1. Therefore, we have
{02 WP e (L WP e = (P O e { U w
= P lgZrol _plem g2l

Thus, we get {UpPHH WPy, 4+ (022 wlrtl), = 0.
9. We have
LHS = {‘I’i’p7 ‘Pifil - Cp+2‘1’§f1}c + {‘Pfffl - Cp+2‘I’72~f17 ‘I’i’p}c
= (P WP e+ U WP — WP U R W e ({0, WP e+ {0, W)
= (U P e (U WP - WP T WP WP g (WPWRY — WP U,
Now we have

()P, W2y 4 (U2P Wl

— {qji,p’ q,(SJ,p+1 _ CO‘I’;J}_‘—I}C 4+ {\119’1’”'1 _ CO\I'}J”H, \I,iﬁp}c

= (WP, WP 4 (WP WP} — ({0, WP 4 WP W) — WoPTHWLP o
- 11171”717-5-1{00’ \Il;p}c

= plrtlg2r _ glrrlg2e,

Therefore, we get

J— 17p+1 27p 17p+1 27p 1’p 27p 17p 27p 27p 1>p71 27p 17p_1
LHS = \I}s \I’r - \Ilr \Ils - CP+2(\IJS \I’r - \Ilr \I/s ) - \Ils—l\IIT + \I/r—l\Ils—l

1,p—1 1p—1 2, p 2, o
= q}%p\ysfl - \II%p\Ijrfl + ‘Prflq];p t- \Ijsfplqjip t= RHS.
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