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1. Introduction

Two main classes of discrete integrable systems that may be distinguished are ordinary
difference equations (OAEs) and partial difference equations (PAEs). By imposing
periodic initial conditions, a PAE reduces to an OAE. The staircase method which was
introduced in [7], 8] provides us with a tool to construct integrals of OAEs, or mappings,
derived as reductions of integrable PAEs. These integrals are obtained by expanding
the trace of a monodromy matrix in powers of the spectral parameter.

Recently in [6], elegant and succinct formulas for integrals of sine-Gordon and
modified Korteweg-de Vries (mKdV) maps have been given for the first time. The
integrals are expressed in terms of multi-sums of products, Theta, which are defined in
section 2 These multi-sums of products were discovered by inspection and proved by
induction. Properties of these multi-sums of products were used to prove the invariance
of the integrals independently of the staircase method and make it possible to prove
functional independence and involutivity of the integrals directly.

In a recent paper by Adler, Bobenko and Suris (ABS), multi-linear equations on
quad-graphs are classified with respect to consistency around the cube [I]. It is also
known that for PAEs on quad-graphs which satisfy the consistency property, we can
obtain a Lax pair algorithmically [2] B]. Hence, the staircase method can be applied to
obtain integrals of traveling wave reductions of the equations in the ABS list

Some questions arise here: is it possible to give similar explicit expressions for
these integrals as was done for mKdV and sine-Gordon? If so, is there any method to
obtain closed-form expressions for integrals directly, rather than using inspection and
induction? This paper answers both these questions in the affirmative. Based on a
non-commutative Vieta formula, and certain splittings of the Lax-matrices, we explain
how multi-sums of products emerge and we give a method to actually derive closed-form
expressions for the integrals.

2. Outline of this paper

In this paper, we restrict ourselves to so-called (1, z3) traveling wave reductions (2o €
NT) which we now explain. With (I,m) € Z x Z, we consider a 2-dimensional PAE
with field variable v,

f(vl,m> Vi+1,m> Vl,m+1; Vi+1,m+1; Oé) =0, (1)

and parameters o = (aq,ag,...,q). Now we introduce a reduction v;,, = v,, where
n =l + mzy. Then, v, satisfies the periodicity v;,;, = Vi42,m—1, and the PAE reduces
to an OAE

f(vna Un+1y Und-z05 Untzy+1; Cl{) = 0. (2)

We suppose that our equation arises as the compatibility condition of two linear
equations, that is, it has a Lax pair. A Lax pair L;,,, M;,, for a PAE is a pair of
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matrices that satisfy, cf [9],

leliTwlz - szrll,le,mH = 0. (3)

Similarly, a OAE has a Lax pair £,,, M,, if they are non-singular matrices that satisfy
ML, — LM, =0. (4)

Using the (1,z) traveling wave reduction, the Lax pair for a PAE reduces to
matrices L,,, M, which satisfy the following equation

LnMn_l - MTL_-&IL”‘FZQ =0. (5)

The monodromy matrix £, for the (1, z3) reduction is given by, cf [§],

)
zo—1

Ly =M" ] Lisn (6)
=0

where the inversely ordered product is

"\

b
[[Li=LLos . LaiiLa (7)
=1

Taking M,, = L,,, we obtain a Lax pair L,,, M,, for the reduced OAE from the Lax
pair of the corresponding PAE ([1)). Recently, a description of (z1, z3)-reduction, with
general (z1,29) € Z x N is given in [II]. This generalizes the reductions in [8] where
the case (z1,29) € N? with 21, 25 co-prime was considered. In [I1], it was proved that
for any (21, z2)-reduction, there is a M with whom the monodromy matrix £ forms a
Lax pair for the reduction and explicit formulas for £, M in terms of the reduced Lax
matrices L, M were provided.

It follows from equation (4)) that the trace of L,, is invariant under the map obtained
from a OAE. Since the reduced Lax matrices generally depend on a spectral parameter,
integrals for the OAE are obtained by expanding the trace of the monodromy matrix
in powers of the spectral parameter. Therefore, to give explicit expressions for these
integrals, we need to expand a product of L matrices. We split the L matrices in the form
L; =r;(AX; +Y;), where X is (a function of) the spectral parameter. Next, we consider
the formal expansion of the matrix product in a non-commutative Vieta formula:

)

b b—a+1
H()\XZ + Y;) = Z )\b—a-l—l—rZ;z,b (8(1)
i=a r=0
b—a+1

=Y xz (8)
r=0

where
Zh = Y XX XV Xo - X Vi X Xa, (90)
a<i]<ig<--<ir<b
Z&r = > WYY XY Y X, Y Y (9b)

a<iy<ig<--<ir<b
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This is a generalization of the Vieta expansion with commutative variables:

Fa)

b b—a+1
H(/\ + fz) _ Z /\bfaJrlfrsg,b’ (10)
i=a r=0

b

where the multi-sums of products s%” are the elementary symmetric functions,

st {fi} = Z Hfz'j- (11)

a<iy <ip<--<ip<b j=1
In this paper we will consider two different forms of X; and Y; with special properties
such that the elements of the matrices Z or Z% can be expressed in terms of multi-
sums of products Theta, respectively Phi.
For the reduced mKdV equation [0]
1 (VnUntzy = Un1Vntzpt1) T Q2UnUnil — Q3UnizUnizyt = 0, (12)

and the reduced sine-Gordon equation [6]

51 (Unvn—i-z:g—i-l - Un+lvn+zz) + ﬁQUnvn+lvn+22Un+22+1 - 63 - O’ (13)

the L matrix can be written as L; = AX; + Y, where

Xi _ 01 —. J’ Y; _ Ui/vi-l—l 0 ’ (14)
10 0 Ui+1/'l}i

and A\ is the spectral parameter. Substituting in the equations and , we
derive multi-sums of products, Theta, with different arguments,

,1)j+€

(il D DR | { (C o i N (15)

V; .
ks a<i1<ig<-<ir<bj=1 G+

01 {vivig1} = > H(Uz'jviﬁl)(_l)m, (16)
a<i]<ig<-<ir<b j=1
see Lemma [I] and Lemma [4] The later one is the definition of Theta given in [6]. The
general definition of Theta,

Ore{fi} = Z H(fij)(il)jﬂa (17)

a<i1<ig<---<ir<bj=1

where f is a function on [a,b] C Z, is obtained by replacing Y; with

o
Di:( o o) (18)

Substituting X; = J and Y; = D; into the Vieta expansion we obtain
b pb—atl-roab
Zph = e, (19)
where

Syl {fi} 0
a,b __ r,a
©r _( 0 ora{fi} ) (20)
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The equation can be generalized to 2n x 2n matrices J and D, provided they satisfy
the following properties

J? =1, D;JD; = J, and D; is diagonal.

To illustrate the second way of splitting L, we write the L matrices of the mKdV
and sine-Gordon equations in a different way with X; = H and Y; = s;A!, where H and
A’ are defined as

01 - a; a;b;
H:= A= " 7. 21
( 0 0 ) ’ J ( 1 b ) (21)

Then, with special properties of H and A we obtain multi-sums of products called Psi
which are introduced below. In particular, if we take s; = f;, a; = 1/f; and b; = 0, then
the formula can be evaluated as

- @a b_l @(I"Fl b—].
a,b __
Zr - ( fbcI)ab 2 f (I)a—i-lb 2 9 (22)

where multi-sums of products, @, are defined as:

b f) = 3 11+ (23)

a<iy, i1 +1<io,io+1<...<ip_1,ir—1+1<i,<b j=1

with f a function on [a,b] C Z. More generally, when H and A satisfy
H?> =0, A" A} = A", HA" H = H, and A" HA} = A}, (24)
substituting X; = H and Y; = s;A! in equation (90) yields

Zeh = U P HAL U AL H 4 U H - et A (25)

where WU is
1 b+1
\Ijg’b = Sa_lq)g’b{ }H(Siai—l,i)' (26)

Si+10G—1 0 41

The elementary symmetric functions satisfy the following recursive formulas (for
all ¢ such that 0 <c¢<b—a+1),

Z Sa+cb qa+c 17 (27@)

i=m1
ma2

ab __ 2 : b—c+1,b a,b—c
Sy = S Sr i) (27b)

=m
where m; = max(0,7 4+ a+ ¢ — b — 1), ma = min(r,c). These recursive formulas are
obtained by using the Vieta expansion and writing

a—i—c 1

Hzi— H 2; H %, (28)

i=a+c
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where z; = A + f; in this case. Taking ¢ = r, these recursive formulas provide us with
an efficient way of producing and storing the elementary symmetric functions.

We will obtain similar recursive formulas for Z** and Zﬁ’b by using Vieta expansion
and the matrix analogue of . Recursive formulas for Theta and Phi are derived from
those for Z%* and Zf’b, respectively. The recursivity of these multi-sums of products
gives us a convenient way of computing these multi-sums of products.

The rest of this paper is organized as follows. In section 3, we explain how Theta
arises from equation using properties of J and D; . Then, the recursive
formulas for Theta are obtained . We give two closed-form expressions for integrals of
the mKdV equation in terms of Theta, one of which coincides with the form discovered
in [6], using the two Vieta formulas (9d), (98). In section 4, we show how the multi-sums
of products, Phi, emerge as entries of matrix coefficients. The recursive formulas for
Phi are given and we prove equation . As a first application, we express integrals of
mKdV equation in term of Psi. Next, we present a general formula for integrals for all
equations whose reduced Lax matrices can be written in the form

We explicitly write the reduced Lax matrices for the equation in the ABS clasification
in the form , with the exception of (). So we obtain close-form expressions for
integrals of these equations from the general formula. The final section compares two
sets of integrals expressed in terms of Theta and Psi, respectively. This section also
discusses possible future work.

3. Multi-sums of products, O

In this section, we first present properties of the multi-sums of products, Theta. Then,

an application of Theta is given. We derive two closed-form expressions for integrals of
mKdV.

3.1. Properties of the multi-sums of products, ©

The integrals in terms of the multi-sums of products (17) with f; = vv;,q, first
introduced in [6], were discovered by inspection and proved by induction. We found
that the multi-sums of products can actually be derived from the (Vieta like) formula
, and special properties of the reduced Lax matrices. Also we show that the
following properties, which were used in the proofs in [6], identity (3),(4)],

Ol = Ot + ST e (30)
a a,b— —1)"te ~a,b—
@n’,z - @n’,{; ! + fb( Y @nﬁl,la (31)

are special cases of the more general identities (33d) and (33%) given below. These
identities (33d]), (334 are similar to the recursive formulas for the symmetric functions
(27a) and (278) and can be used to efficiently compute the multi-sums of products,
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Theta. They also play an important role in calculating gradients for proving the
functional independence and the involutivity of integrals [13], [14].

Lemma 1. Let J and D; be as in and(@ respectively. The multi-sums of products
@ﬁf defined by are the entries in the matrix coefficients in the expansion

a)

b b—a+1
[T+ D))= > (A)pettrep (32)
i=a r=0

where ©%° is defined in (@
Proof. We use Vieta expansion , to expand the left hand side of equation (32))

)

b b—a+1
[+ D)= > Aettorzet,
i=a r=0

Using properties of J and D; such as D;J* = J"“Dgfl)k and J? = I, we have
Z¢h = N JJ.JDyJ. Dy J.. Dy J. ]

a<iy<ig...<i,r<b
—iy jr—ip—1—1 ip—i1—1 i1—
= > JVin Dy, JirTimip, o giTaslp, e
a<iy<ig...<ir<b
- T o
= Y D gvTTiD, L JRTRTD, gDl
a<iy<ig...<ir<b

= Y Jtpy gD L gemertp T pt

12 i1

)il—a

a<iy <ig..<ip<b

— b—atler y(=1)ir—(r—D=a _(_1)ir—1-(r=2)—a (—1)i1—e
o Z J Di'r Dir—1 cee Di1 .

a<i1<i2...<ir<b

(~1yHk
pbt ( Ji ( ?’+k+1 )
(3 0 f —1)* ’

Now since

i
we have

CRENEDY

a<i1<ig...<ir<b

< fz’(_l)iriaﬂfi(r__11)7<7.71>7a+1 o fi(1_1)717a+1 0 >
(—1)~r—a+2 L (—1)—(r—D—a+2 (—1)-1-a+2
0 fi fz‘Pl . fle
_ ( CHA( )
B UCE
[

Using Lemma (1| and the matrix analogue of we obtain the following recursive
formulas for Theta.
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Proposition 2. For any 0 <c<b—a+ 1 we have

mo
ab __ 2 : a,a+c—1 ~a+c,b
Gr,e - @i,e 6r—i,e+i> (33@)
i=mq
ma2
ab __ § : a,b—cb—c+1,b
@7‘,6 - 67‘77;,6 @i,r+e+i7 (33b)
=mi

where my = maz(0,7 +a+c—b—1) and mg = min(r,c).
Proof. 1t is easy to see that (330) follows from (33d) by substituting c =b—a —c+1
in (33d), changing variable i = r — j and using the fact that —j < min(z,y) = j >
max(—x, —y).

By using the Vieta expansion and the product structure , the recursive

formulas (27d)) and (278) still hold if we replace s by Z. Therefore, using Lemma (1| we
have

ma
beaJrlfr@?,b _ Z be(a+c)+1f(r7i)@ific,bjc—i@?,a+cfl‘ (34)

1=m1

If b—a+1—riseven and using equation , we have

a,b a+c,b a,a+c—1
®r,a71 0 _ @T—i,a—‘rc—l 0 b i,a—1 0
a,b - § : a+c, a,at+c—1
0 @r,a 0 Grfi,a+c 0 ®i,a

m1<t<mg, c—1 even

0 L. 0 e
+ Z < Qated ot > ( @uate1 ' 0 .

m1<i<ms, c—i odd r—iatc—1 t,a—1

Therefore, we get

m2
@a,b o 2 :@q,a+071@a+c,b

ra—1 i,a—1 r—i,a+i—1
i=mq
ma
a,b _ § : a,a+c—1 ~a+c,b
@T,a - G)i,a @rfi,a+i‘
=m
Since {a — 1,a} = {0,1} (mod 2), we obtain
) Y )
ma
ab __ § : a,a+c—1~a+c,b
@r,e - 61',5 @r—i,e+i'
i=mq
The proof for odd b — a + 1 — r is similar. O

Note that from the definition of Theta , or from equation , we have the
following properties

e O =0ifr<Oorr>b—a+1,

a7b pa—
e Oy, =1,

a,a __ (_1)1+6
e O, = fa .

If we consider these properties as initial values of Theta, then we can efficiently calculate
Theta from the recursive formulae (33d]) by taking ¢ = b — a.
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3.2. Applications of © to the mKdV equation

The (1,22)-reductions of the Lax matrices for mKdV are given by

Un_ k Intzy k
L= | v and Mt= [ Pe M) (35
k' vng1/vn ak g

Un+2z9
Indeed, we have L, M1 — M, ian+Z2 = Fukav - Nn, where Fkqv is the left hand side

of , and

N _ O Un+1in+zg
n — —k 0 .
UnUn+z9+1

Using Lemma (1| with f; = (vl-/viﬂ)(_l)i, a =0,b= 2z, — 1, and taking the trace of the
monodromy matrix @, we obtain the following result.

Proposition 3. The closed-form expressions for integrals of the mKdV equation are
given as follows
zZ2— zZ2— v zZ22— vz zZ2—
I = on (005" + 007 + 0207 ! a0 (36)
29 0

where zo — r 18 odd.

However, in [0], integrals of the mKdV equation are expressed in terms of Theta
with different arguments, namely f; = v;v;.1. To derive the later close-form expressions
for integrals of the mKdV equation, the following Lemma was used [6].

Lemma 4. We have

b—1 b—a
T[L=3 Z'w (37
i=a =0

where f; = v;v;41, and

Va a,b—l
Za,,b—l o up @r,O 0
T - Vp a,b—l
0 EGT,I

when r is even, and

1 a,b—1
ZCL,b*l — O b1 'Uavb@’f',l
r a,b—
Vb0, 0

when r s odd.

Whereas for Lemma (1| we used the Vieta expansion , this Lemma is proved
using the Vieta expansion , see Appendix A.

Multiplying both sides of equation by M; ' and taking the trace we obtain the
following result, which is Theorem 3 in [6].
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Proposition 5. The trace of the monodromy matrixz of the mKdV equation is

[(z2+1)/2]
Tr(Lo) = Y K,
1=0
where
Zo— 1 Zo— Z9— Zo—
I, = a1 (00,0921 g + ——O57211) + 05 + 0300727, (38)

0Vzo
with fz = VjVj41-
It follows that the coefficients I, form a set of integrals for the mKdV equation.

Their invariance can also be proven directly. By using the properties and of
multi-sums of products it was shown in [0] that

S([’I‘) - Ir = JTmKdV : Ara (39)
where S is the shift operator S(v;) = v;41, and
1 1,z0—1 1,20—1
AN =——077] — 607 40
R e 2r—1,0 (40)

is called an integrating factor.

It is important to note that the set of integrals expressed in Theta with f; =
(v; /viﬂ)(_l)i is the same as the one expressed in Theta with f; = vv;41 due to the
following identities

a,b Vi \(=1) Uq (=pHt a,b
@r,a—ke{(vl_‘_l) b= <_Ub+1> @b—a+1—7~,e+1{vwz‘+1}a
(A

ifb—a+1—riseven, and

b Ui \(=1) —1)t ~ayb
@?,a+e{(_vil)( : } = (vgvpyq) Y @Z—a-l-l—r,s—i—l{vivi—l-l}
7

ifb—a+1—risodd.

4. Multi-sums of products, ¢

Writing the reduced Lax matrices as linear combinations of rank one 2x2 matrices,
gives rise to closed-form expressions in terms of multi-sums of products Phi, defined
in equation . In this section, we first give recursive formulas for Phi. Then, by
using the non-commutative Vieta expansion, we give the formula for products of
L; = r;(AH + s;A%) matrices in terms of Psi where A} is defined in (21)). This
formula is first applied to the mKdV equation. At the end we give the analogous results
for nearly all equations in the Adler-Bobenko-Suris list [1].
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4.1. Recursive formulas for the multi-sums of products, ®

The Lemma below explains how Phi is derived from the Vieta expansion and .
Lemma 6. Let H and F; be defined by

01 1 0
(23) (1)

and let f be a function on [a,b+ 1] C Z. The multi-sums of products, ®, defined by
appear in the entries of the matriz coefficients in the expansion

b1 b—a+2
H (A\H + F)) Z ATV b

where

a,b a+1,b
Wa,bJrl _ q>r CI)T—I
r - b—1 a+1,b—1 .
Jor1 @ Jor1®

Proof. Using the properties H? = 0, F,F; = F;, F;HF; = f;F;, HF;H = f;H and the
non-commutative Vieta formula , we have

b+l
bt — ) HFy...Fy o HE, 1. Fy HEyy 1. Fop H
a+2<i1,i1+1<ig,io+1<...<ip_2<b—1

+ ) HFy...Fy o HF, 1. .F o HF, ... F
a+1<iy i1 +1<ig,i2+1<...<ip—1 <b—1

+ ) Fooro. . Fo oiHF, 1. Fy HFyy 1 ... Fop H
a+2<i1,i1+1<i9,ia+1<...<ip_1<b

n ) Fyor...Fy o HF, 1...F \\HF, ... F,

a+1<i1 i1 +1<ig, io+1<...<irn<b

0 1 1 0 _ 0 1 1 0
o (I)a—H b—2 + a b 2 + (I)ai—l,b 1 + (I)a,b—l
=J 0 0 fu® 0 0 -t 0 for1 r for1 O

<qu)?b12+q)ab 1 fq)a—I—lb 2+(I)a+1b 1 )

Sor @O0 fora @70
From the definition of Phi, we have the following properties
i = @t 4 fyu@) (41)
q)a b fa(I)aJrQ ,b + (I)aJrl b (42)

Therefore, we obtain
(Z,b a+17b
Wa,bJrl o q)r (I)r—l
r - b—1 a+1,b—1 .
Jor 1P Jor1 @

Using this Lemma, we derive recursive formulas for Phi.

)
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Proposition 7. Witha —1 <c¢ < b+ 1 we have

T

ooP = 37 (@B 4 g2 pheartRh) (430)
=0

= 57 (@ RS R 1 g pitEY), (430)
=0

We note that properties and are special cases of these recursive
formulas (43d) and (436) where ¢ = b and ¢ = a — 1, respectively.

Proof. We use recursive formula [33d with W replacing s. We have

r
a,b+1 __ c+1,b+1 a,c
Wt =ty

1=0

- i (I)?ﬂfb 1 Q)Sjlzzbb 1 (I)?fi_lz (I)?irililcl_lz :
par Sor1 @ f @0 Jr? f@0 T
Equating the entry in the first column and first row, we get

D= D7 a2 ),
=0
which is the first recursive formula (43d]). The second recursive formula (430) is obtained
from the first one by using the following

1,b 2,b 1,c+1 3,b
o7 = &7 4 BT,

L O
Note that from the definition of Phi (23)), we have the following properties

o ®»* =0 whenr <Oorr > [(b—a+1)/2],

o Oi =1,

d q)?’a = fa-

Once again, these properties can be considered as initial values to calculate Phi using
the recursive formulas for Phi provided.

4.2. Product of L matrices and multi-sum of products, W

Let A; and H be matrices that are defined in 1} Now using the Vieta-
expansion ,@) and properties of H and A, we obtain the following lemma.

Lemma 8. Let L; = r;(AH + s;A%). We have

b—a+1 b

b
[Te=( > xeox) [T

r=0 i=
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with
Xob = gerlb2 g pbot g2l g gt et b (4g)

where ¢; = s;(a;—1 + b;) and

ab aby Sit+l A
el =g, 1 O0{——} Hci. (45)
CiCiv1 S,

The general case is obtained in the same way.

Proof. For brevity of notation, we write B; := s;Al. Using the properties of H and A",

we have

k
BkBk,1 c. Bl = SkAg . SlAg = 8[145g H Cr

r=(+1
so when [ <1 < k we have
k i1
k i—1
BiByr...BitHBi1... By = si11 <Ai+1 I1 c,,> Hs, (A, I1 cr)
r=1+2 r=Il+1
5 k k
i+l k k
= s1A; H cr = sifi4, H Cr.

i®it1 r=Il41 r=1+1

Therefore, we obtain

r k
Bk Ce Bir+1HBir—1 e Bi1+1HBi1—1 e Bl = Sl‘AéC H fZJ H Cr

j=1  r=l+1

when [ <41, +1 <ig,... <4; <k, and it equals 0 when 7; = 4;_; + 1 for some j.
Now applying these formulas and the formula we have

a,b __
Xob = Y HBy1...Bi . 1HBi \1... B HBi 1 ... Ba

a+1<i1,i1+1<ig,...<ip_1<b—2

n ) By...Bs w1HBi . 1...Bys1HBi 1...Bop1H
a+2<i1,i1+1<ig,...<ir_1<b—1

n ) HBy ...Bs ,s1HBi o 1... By tHBii 1 ... Bop H
a+2<iy,i1+1<i9,...<ip_2<b—2

+ ) By... By HB; ... B HBy,1...B,

a+1<iy i1 +1<iz,...<ip<b—1
b

S 1,6—2 _ Sa+1 2,b—1 Sa+1 2,b—2 —
- (-“d)‘““ HAY 4+ 2 0pt 2t Al H 4+ ot 202 s, opt AL T

r—1
C C C C
b a+1 a+1Cb i—at1

U

Note that if 7 > [(b—a + 1)/2]| we have X®* = 0. We also note that Lemmal6]is a
special case of this Lemma with a; = 1/f; and b; = 0 and s; = f;.
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4.3. Application of ¥ to the mKdV equation

In this section, we present closed-form expressions for integrals of mKdV in terms of
the multi-sums of products Psi.

The reduced Lax pair for the mKdV equation given by gives rise to the multi-
sums of products, Theta. Now we use a gauge transformation to obtain a new reduced
Lax pair which gives the multi-sums of products, Psi. Recall that for a PAE (|1)) with
a Lax pair (L, M), a gauge matrix Gy, gives us a new Lax pair for the equation,
that is

Ll,m - Gl—i—l,le,m Ml m Gl,m—l—lMl,m

lm’

These matrices reduce to matrices L7 M of the corresponding OAE.
Using the gauge matrix

. 0 1/'Ul,m
Gl’m_<—1/k 0 )

we have a new reduced Lax pair for the mKdV equation

" Un41 —k2 N Qo Un —ay k2
Lo={ o o and Mt = P | (46)
n .
—Un+1 1 —0 Uy as

We note that the trace of the monodromy matrix is invariant under gauge

transformations.
Now we write the reduced Lax pair for the mKdV equation as follows
Li = ri(s; Al + XH), (M;)~" = #(5,Al + \H), (47)
where y
fi _ a; ab;
J 1 b,
and
A=1-#k . T’izv%., Si = —Uilit1, az‘z—v%., Zji:_viil’
A=\ 22087 al, =1 §i = —QUUWitz, G = 52—, b= 72

Vitzg ' Q1Vitzy )
Using Lemma [8] we expand the trace of the monodromy matrix in powers of A. After
multiplying with M; ! and taking the trace, we get

~ 22+1 ~
TI'EO = Z /\l,[@,
i=0
where

T 1,20—2 A1V Uz,
Ir = <041\I/T_§ + (OCQ’UQ +

1V Uz,

1,20—3 2,290—2 2,290—3
)\Ij'r—l + (0631122 + )\Ijr—l - alvovz2qu—2

U1 UzQ 1

s O g [ )
=0

Uz2_1 (%1 ’Ulvzg—l
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with
Vi—10; A Vi (Vim1 + Vig1)
\I’f:’b = (—v, 10, (I)f:’b 1—1Yi+2 i\Vi—1 i+1 49
( 100) {(Ui—l + vit1) (Vi +Ui+2)}il_£ Vi1 (49)

Note that if r > | (22 + 1)/2], then I, = 0. It is clear by the staircase method that I,
is an integral of the corresponding mKdV map. However, using properties of Psi one
can also show that I, is invariant under the mKdV map. By doing so, we obtain an
integrating factor [6] which we do not get from the staircase.

Proposition 9. For 0 < r < |(z + 1)/2|, I, is an integral of the mKdV map with
integrating factor

22
1
_ 1,20—1 2,292 2,29—1 1,20—2 -1
Ap = ————— (U2 g, U272 = 0 U2 — 0, U2 T
VoU1Vz5Vzg+1 .

where ¥ is given by (@)
The proof of this Proposition is given in the Appendix B.

4.4. General closed-form expressions for integrals of all equations in the ABS list,
except (Qy

In this section, we give similar results as we did for the mKdV equation for almost all
equations in the ABS list. We present a general formula for closed-form expressions
for integrals of all equations whose reduced Lax pairs can be written in the form (47)).
Then, we write the reduced Lax matrices of ABS equations with the exception of (4 in
this form, so that we can apply the general expressions to obtain integrals.

4.4.1.  General closed-form expressions for integrals Assume that the reduced Lax
matrices are written in the form , with A = g\ + h. We now expand the trace
of the monodromy matrix Ly in terms of powers of \.

Theorem 10. Let Ly be given by (@, where L, M~ are matrices which can be written
in the form . Then, we have

zo+1

Lo)=> NI,
i=0
where I,. is expressed in terms of ¥ (4
I = (g\Ijl 222 + h\lfl 22—2 + SO(CLO + bo)‘ljl 7273 + So(b() + az2 1)\112 222 + 01112 723

z0—1

+350(ao + bo)(azy—1 + bo \I’l = 2 H T (50)

Proof. We use Lemma |8 to expand the monodromy matrix. We have
zo—1 zo+1 zo—1

Lo= (5045 + (9 + W) H ZX”XOZQ ) Hm— > NWoi [T (51)
r=0 =0
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where
W, = (5040 + hH)X>= 7 + gH X%
Using properties of H and A, we have
Tr(HX2> 1) = plh=2
Te(HX%7Y) = wp2?
Tr(AIX 02271 = (dg 4 bo)UE2 ™ + (b 4 Gay_y ) U222 4 U253
+ (o + bo) (@sy—1 + bo) W72,
which we use to evaluate the trace of . U

Now from this theorem, if the I, do not depend on A, then from the staircase
method we have I, is an invariant. Hence, we have the following corollary.

Corollary 11. Suppose that a;—1+b;, ao+bo, G, +I;O, i, SiyTi, Si, g and h do not depend
on the spectral parameter k. Then I, given by (@) s an integral.

Here we give a direct proof that I, is an integral of the equation derived from the
Lax equation LoMy* = M;'L,,.

Proof. Since LoMy "' = M;'L.,, we have
rofio(s0AQ + AH)(30A0 + (9A + W) H) = 17, (5147 + (9A + W) H) (52, A% + AH).

If a;,a;,b;, Bl do not depend on k (the cases H; and Hj), equating coefficients of A in
both sides we obtain F; =0, ¢« =1,2,...,6, with

E1 . = 7“07\:050 — f1T229822,

Ey = roTogso — 172,51,

Ey: = TOﬁ)(EOEO + gSOGO) - 7\417‘22 (§1d1 + gszzbz2)7
E4 L= 7%07“08050(1)0 -+ do) — ’f’d7\“/1§1822 ((122 -+ lu)l),

E5 .= 7“07\:080 <§0(b0 + CVL())EO + h) - %17“22§15226zz (a'zz + 51)7
Eg : = rorosoaoSo(bo + o) — 172,54, <§1 (az, + Elml + h)‘

For the case where a;, b;, a;, b; depend on k, we were able to check that the identities
E; = 0 hold for the cases 1 and Q3. For the rest of the equations, calculations get
complicated as we have to deal with square roots.

Using the fourth and fifth identities, we have h = $y(by + ao)(b., — bp). Similarly,
using the fourth and sixth identities, we have h = %, (ag — @;)(as, + b;). We have

S(1,) = (g\lf2 2 pp2e el g (G + b)) PB4 5 (b + a, )BT

z2
AU sy (a4 by)(as, + 0) W2 )R [

i=1
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Now we write S(I,) — I, = (A+ B) [[2;' r; where

i=1
A: =Tr,, (9\I’3f§_1 + 51(ar + bl)‘I’ffi_Q + 51\11%5_2)
— ToTo <g\p1{f§*2 + 80(bo + az,-1) U2 4 §0\I’zf§73>
B: =7, <(h + 3511 + bi)(az, + b0)U22 4 5 (b + az?ﬂ,ifi_l)
— Forg <(h + So(do + bo) (@=—1 + Do) W12 4 5 (g + bo)‘l’ifi_?j)'
From the properties of Phi and , we obtain the following properties of Psi

\IJ?m = Sm-i-l(am + bm-l—l)\p?’m_l + Sm+1\Ij:7—WlL—2’ (52)
\I/;Lﬂn == Sn—l(a/n—l + bn)\Ij:’H—Lm + Sn—l\:[j'?:j_lzm' <53)

where n < m and 0 < r. Using these properties and , we get

A = (ferQ (gszz(a@q +0b,,) + s1(ar + bl)) — Toro <950(a0 +b1) + ‘§0(7)0 + a22_1)>>

2,20—2 o IRV 2,20—3 v o o 3,20—2
W T (P9S8, — roroso) U T+ <r1r2251 — rorogso> v

o 2,290—2 2,203\ /v Y 2,29—2 3,202
= (az 1 U + U T) (P72 982, — Tol050) + (01077 + U550).
v V] v v VARV % v 7 2,22—2
(F172,81 — ToT0950) + (71725 (982,02, + S101) — T0T0(gS0a0 + Sobo) )V, 73
o 2,202 2,20—3 2,290—2 3,202 2,20—2
- _(a22—1\IJr71 + \IIT‘72 )El - (bl\I]rfl + \IJT72 )E2 - \Ijrfl E3
= 0.
We also have

B = ?17}2(]1 + 51(a22 + 51)(610 — do))qj%,zg—l _ %oro(h + SO(dO + bO)(BO _ bZQ))‘I’}A’@_Q
_iqjl,zzfl
50829 r

= 0.

That proves our statement. l

From this proof, one can derive an integrating factor by dividing F1, Es, F3, £, and
h+ $1(a,, + b1)(ag — ao), h + so(ag + bo)(bo — b,,) by the corresponding equation.

4.4.2. Application to equations in the ABS list In Table[l] we give a table for writing
the reduced Lax matrices for equations Hy, Hy, H3 and Q1, @2, @3, see [1], in the form
. All the reduced Lax pairs given satisfy the conditions in Corollary so that we
obtain closed-form expressions for the integrals from the formula .
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98T SV oY) ul suorjenbe 10y sired xer] peonpey °T 9[qel,

oAby (1—¢b)by (1—¢b) (1—¢%) _ (1—¢P) (1—¢) 1-d
L ANNATM@\MQV N@ﬂx_vﬁm@\ﬁv NNAI\D@@@ﬁL_vNAm@\‘Dm%\/ ?AH\NVD@LT NN+3~AN&\N®V NN+§\AH\N&v®+N©ANv\\N@v N&\ N@ ¢
fudy dp(1—¢4) (1—2®) (1—2%) . (1—2®) (1—2%) I—d I—cd O
T Ai.malmav m&w.lmaliH+.§§&w+lm&|$mm\/ SANM«IN&.I*SSINS& H+SANVNIN5+.SQIN§Q 1—¢b =4
(= tta—tab)(ta—*+tab) T—¢h (1—2P)(1—¢%) _ (1—¢P)(1—¢%) 1-d
2(1=2P) ¢z +ta—tnb *a(1—g3)b+ =+ a( gy~ gh) SHa(1—g)b+ta(y—ob) | Pl €
(1+1a—tad) (o~ +ad) 1—d (-eh—gt) (1—20) (14 1-gd | 1=z | 0O
malm&v ta—1ttad H+5:|mm\v&+.§mm&lm&v Srlm&vntﬂiﬂsﬁm&lm&v Hle N&lm&
e/ 1 o(%Hta—ta)4 (% +iag—tag— bg) be /N tay+ (7 FHra—ybe) (b—y) *Hay+(fa—ybg) (b—z) | 4=P .
/T d dy B dy a/b KR O
4 o(1+1a—ta)+(T+tag—tag—do) g /N Ty +(ta—ydg)(d—y) fay+(THa—gyde)(d—y) 4—d
(bo+ = +ta—ta) (bo—T7Tta—"a) b b b d
m@ bo+ Cztan_1g o+ NNJE@\V\\ Cztb NNL?STT?@\&\,S@ d—b 1
(pd—T+2a—2a)(9d+Ttta—ta) d d d d/b y @
N& m|ﬁ+5|.§. H.T.Nan_n.salv\\.sp& - .~D+H+.,§|&\H+.§.& \ y—d
. b Y— Gzt o?
A/ T T atatbe b/t d/%*a b—d .
7 d 3y H
b - - @ T+2n ? 4
N&\ﬁ H+55+&%\/ Q\ (t Q\ a m&\m@ A=z
/T “tin + 4+ bNg (fa4+y—b)— “tin4+y—b d—D>h 2y
1
/T i + o +dNg ("o +y —d)— ‘n4y—d 1 ¥y—d
'n— &t d—D>h
T T 1y
! ! - ‘o T |y-d
‘s “d ‘q ‘D Y
's v ‘q D b Y d




Closed-form expressions for integrals 19

5. Discussion

5.1. Comparing the two sets of integrals of the mKdV equation

We have obtained two sets of integrals for the mKdV equation in equation and ,
which are expressed in terms of multi-sums of products, Theta and Psi, respectively.
This is because we can expand the trace of the monodromy matrix either in powers of
k or in powers of A = 1 — k2. Therefore, we have

[(241)/2)] L)/ ~
Tl'(ﬁo) = Z k'QZIi = Z (1 — k’2)lfi.
=0 =0

Equating the coefficient of k%", we have

[(z2+1)/2] i
Ir = —1 " . L,
> ()

=7

In particular we have

I(at1)/2] = (_1)L(zz+1)/2j 1| (2341)/2]
and
[(22+1)/2] _
i=0

The later equation means that the set of non-constant integrals {_};} is not functionally
independent. Explicitly taking z, = 3, we have

Iy = as + as,
(Y Vo (% (% V1V (% v VoV (Y
hza&£+iﬁ+~3w3+iﬁ+i)+%Ci+ii+ﬁ>

-[2 = 20[1,

and
~ Vo VoU3 V3 V2 V1V2 V1 V1 VoV1 Vo
hzm@+—+——+—+—+——%—+%1+—+——+—
V2 V1V (%1 Vo VU3 V3 V3 V2V3 V2
Uz | VU3 | U2
b1 )
U1 UVol1 Yo
Vo VoU3 U3 V2 V1V V1 (%1 VoU1 Vo
hz—m@+—+——+—+—+——+——mg—+——+—
V2 V1V U1 Vo VoV3 V3 V3 V2V3 V2

INQ = 20&1.

It seems that the set of non-constant integrals I, expressed in Theta is simpler and
shorter than the integrals I, expressed in Psi. However, it is interesting to know that
with our Maple programme, it took much more time to calculate the integrals in terms
of Theta than in terms of Phi.
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Similarly, for the sine-Gordon mapping the set of non-constant integrals expressed
in terms of Psi is not functionally independent and also longer than the one expressed
in terms of Theta.

5.2. Future work

We have presented a tool to obtain closed-form expressions for integrals in terms of
multi-sums of products, Theta and Psi. This is a first step to prove the integrability
of a discrete map in the Liouville-Arnold sense [10], [12] (a map has sufficiently
many functionally independent integrals in involution). The recursive formulas for the
multi-sums of products make it possible for us to prove functional independence and
involutivity which we hope to publish elsewhere [13, [14].

We have given closed-form expressions for integrals of all equations in the ABS list
but Q4. It would be worth studying this exceptional case, as ()4 is the most general
equation in the ABS list.

In this paper, we have considered (1, z;) traveling wave reductions. It would be
interesting to study more general traveling wave reductions, cf [§ [11].

Another direction of interest is studying more general equations, and systems of
equations, which are not necessary on defined on elementary squares, cf [4, [5].

Acknowledgments

This research has been funded by the Australian Research Council through the Centre
of Excellence for Mathematics and Statistics of Complex Systems. Dinh T. Tran
acknowledges the support of two scholarships, one from La Trobe University and the
other from the Endeavour IPRS programme. Thanks to Prof. Willy Hereman for a very
useful collaboration on the topic of Lax pairs for equations on the ABS list.

Appendix A: Proving Lemma

Here we give a proof of Lemma [4]

Proof. We write L; = kJ +Y; as in . So we have

_ 0
Y;JrkY;Jrkfl Y= ( UHSH Vitk+1 > )

U

Using the Vieta formula and the above formula, we obtain
Zﬂ’b_l = Za§i1<iz<...<ir§b—1 Yoo YipJYi 1 Y Y Y Y

= Za§i1<i2<...<ir§b—1

Vip41 0 Uir,.1+1 0 Vij+1 0 Yo ()
vp J Vi J Vig J vi,
0o % 0 Yiy T 0o Y2 0 Y '
Vij 41 Vip_1+1 Vig+1 Va
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If 7 is even and using the properties JY =Y ~1J and J? = I, then we have

Za,b—l _ z
r - a<i1<in<...<ir<b—1
Vip+1 0 Viy. 0 Yia 0 Yo )
Vp Vi _1+1 Vip+1 Viy
0 Uy Vi, _q1+1 T 0 Vig+1 Vi
Yijpt1 0 Vi Vig 0 Va

= Za§i1<i2<...<z’r§b—1

Vg _ VipVip+1  Yip_oVip_o+1 VigVig+1 0
Vb viv‘—lvir—1+1 Uir—3vi7‘—3+1 T Uil’l)i1+1
0 Uy Vip_qVip_q1+1 vir—BviT—3+1 vilvi1+1
Va  VipUip41  Vip_oVin_o+1  VigUig4l
va @CL b 1 O
= 0 'ub @a ,b—1
Similarly, if r is odd, then we have
Zab—1 __
ZT - Za§i1<i2<...<i,«§b—1 ‘
Up 0 Vip_1+1 O Vig O Vg O
J Uty Yir Vi +1 viy
0 Yiip 41 0 _Yip T 0 Vig+1 0 U
Uy Vip_1+1 Vig Va
a,b—1
7 vavb@ 0
= 1 a,b—1
0 VaVp 67’11
1 a,b—1
— 0 b—1 VaVp @T11
a,
vavb@ 0

0

Appendix B: Direct proof of invariance of integrals of the mKdV equation
in terms of Psi (Proposition [9)

Here we give a proof of Proposition [0

Proof. Applying a shift operator on the integral Zn, we obtain

S(T) = (a2 + (asen + TR 4 (g, 4 PO

U2 Uzz
U] Qgv a0 2t
3,20—2 201 3Vzo+1 1U1Uz+1 2 20—1 -1
—1U1V2 19,55 — ( + + + )V ) H v,
UZQ (%) UQUZQ
Now we write S(I,) — I, = (A+ B) [[2, v; ' where
2 Zz Q1V1Vzn+1 2,290—2 zg 2 —1
A = ( \If + (012’01 + —22)\11 — Ozl’l)l'UZQ_H\D >U22+1
1z2 2 Q1V0Vz 2,290—2 2,20—-3\ —1
( 105 4 (v, + ﬁ)‘l’rq — a1V, V1 )Uo
_ Q1V1Vzp+1 3,22—1 _ rasur Q3Vzo+1 Oélvl'Uz2+l 2,20—1Y,,—1
B — ((043%+1 e i B O a0 sl Lot

ozlvo’uz2 1,22=3 _ ( asvg Q3Vzy Q1V0Vz9 1,202 -1
((QQU() + )\Ijr_l (Uzzfl + v1 + V1Vzg—1 + Oél)\I’r Yo -
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Using properties and , we have
1 1

zo—1 Uzg—l—l

1 1
. )@222 2_/001}1\11322 2
0

Substituting these formulas into A, we obtain

2,z0—1 __ 2,20—2 222 3
\I[r ? - U22U22+1( )‘II U22U22+1‘I]

1 2
\If Z2 = UOU1<

\IJQ ZQ 2
A=—"1  F xav.
Uovzz—l-l
Applying the properties and , we have
1,z0—1
qj3,Z2—1 — (l 4 l)\l}2,22—1 i \I’T 2
r vo vy " VU1
\Ijl 2’2 3 ( 1 + 1 )\Pl 22— 2 \1111"722_1 .
UZQ*l v22+1 UZ2U22+1

Substituting these formulas into B, we get

1
1,z0—1 2,20—1 1,290—2
B=——0 (U2 — U2 — 0, U277 Flikay-
VoU1Vz25Vz9+1
This proves the statement. 0
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