CHAPTER 8

Integrable systemsand number theory

PeterH. vanderKamp, JanA. SandersandJaapTop

1. Intr oduction
Theevolution equation
up = ug + uuy (KdV),

whereu,, is the n™ derivative of u(z,t) with respecto z, wasderived to

describewaterwavesin shallov channeldKdV95]. It bearsthe namesof

Korteweg and de Vries and hasbecomethe prototypeintegrable nonlin-
earpartialdifferentialequationsincethework in [Miu68, MGK68, SG69

Gar71, KMGZ70, GGKM74]. TheKdV equationis for thefield of inte-
grability whattheharmonicoscillatoris for quantummechanicsthesystem
for which every methodworks. KdV hasinfinitely mary conserationlaws,
infinitely mary (co)symmetriesit has(co)symplectiandrecursionopera-
tors,alLax-pair, abilinearform, the Painlevé property stablelocal solutions
andit canbe solvedby theinversescatteringnethod.

Onceall thesepropertiesare establishedthe obvious next questionis:
aretheremoreequationdik e this? The goalwe have in mind is the classi-
ficationof "integrable’partial differentialequations A few choiceshave to
be madehere,for instancewhatkind of equationsareto be classifiedand
what exactly will be our definition of integrability. We will focuson the
existenceof infinitely mary generalizedsymmetries(a precisedefinition
followsin the next section).

We limit oursehesto polynomial equationsmainly becausdor these
the symboliccalculuscanbe used. For classificationresultsin the general
casewe referto [Zak91], in particular[M SS91. We remarkherethatthese
lists give a differentkind of classificationsincethey allow for muchlarger
classe®f transformationsContraryto our analysisthey canonly classify
oneorderat the time and cannotexclude the possibility that higherorder
equationsare integrable. The classificationresultsgiven here,which are
basedon the thesisof Jing Ping Wang [Wan98§, and following publica-
tions, do allow, at leastin the scalarcase,a completeclassificationup till
all orders.This breakthrouglwasmadepossibleby the useof the symbolic
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methodandthe subsequenapplicationof numbertheoreticand algebraic
geometricmethodsand givesus an extremely elegantapplicationof pure
mathematics.As an illustration of the impactof this kind of theory let

us mentionthe fact that only a decadeago it was perfectly legitimate to

publish paperson the searchof integrable seventh and ninth order scalar
polynomialequationscf. [Ger96, Ger93, GKZ90]. The presentresults
show why theseefforts wereall in vain.

2. Scalarequations

2.1. Generalizedsymmetries. Let K (u) andS(u) befunctionsof u =

uo anda finite numberof its derivativesu; = 2%. The function S(u) is
calleda generalizedymmetryof theequationu; = K (u) if v = u+£S(u)
satisfiesy; = K(v) + O(¢?). Theword ‘generalized’is includedin this
definition to stressthe factthat S in principle dependsiot only on u, but
alsoon someof its derivativesu;.

A completelyalgebraiadescriptionof this notion,limited to polynomial
equationsis obtainedasfollows. Write R := Clu, uy, us, . . .| for the poly-
nomialring in infinitely mary variablesu = ug, u1, us, ... andlet f € R.
Write D, for thederivationon R definedby D, (u;) = u;4; foralli > 0.
Then

0
Dm(f) = Zun-l-lan-

Denoteby §; the uniquederivaEion on R satisfyingés(uv) = f and
df o D, = D, o §;. Thisoperatorcan(formally) bewritten as

n 0
This derivation d; is the prolongationof the evolutionary vectorfieldwith
characteristicf, cf. [OIv93, equatiorb.6]. Also, §¢(g) = D,(f), whereD,
is the Fréchetderivative of g, cf. [OIv93, proposition5.25].

Extendd; to a derivation on the dual numbersR[e] (with 2 = 0)
by 6;(g + h) = &;(g) + d;(h) for g,h € R. With thesenotations,
S € R is ageneralizedsymmetryof K € R (or, of the equationu; =
K(u,ui,us,...)),if

Sk(u+eS) = K(u+eS,us +eDy(S),...,u; +eDL(S),...).
We have for arbitrary S, K € R that

dx(u+eS) =0k(u)+edk(S)

= K(u) + €0k (95)
K(...,ui+eD!S,...) —e> . 2K DI S 4 c6x(95)
K

i Ou;

(. U +€D$ZC(S), .. ) +6(5KS — 55K)
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HenceS is ageneralizedymmetryof theequationu; = K (u,u4,...) pre-
ciselywhenthelLie braclet K, S] = §xS — dsK vanishes.

If onewrites ¢ for the automorphisnof R[] which sendsg + he to
g+ (h + d;(g))e, thenyet anothemway to definea symmetryS of K is by
demandinghatps(K) = ¢k (S5).

Notethatthebracletdefinedhereis indeedalie bracletonRR, i.e.,itis
bilinearandit satisfie§ f, f] = 0 and[[f, g], h] + [[g, k], f] + [}, f], 9] = 0.
Onewayto verify this, is by notingthatdy; ;) = d70d,—d,06 isthestandard
Lie bracletof 6, andd, in theLie algebraof all derivationsonR. As usual
for f € R thelinearoperatorg — [f, ¢] is calledtheadjointof f andit is
written asad(f). Thesetof generalizedsymmetrieof v, = K(u,uy,...)
is preciselythe kernelof ad(K). Note that by the generaltheory of Lie
algebrasthesegeneralizedymmetrieof K alsoform aLie algebra(with
thesamelie braclet).

DEFINITION 2.1. An equationu; = K is calledintegrableif the space
of generalizedymmetrieof K is infinite dimensiona(overC), andalmost
integrable of depth(at least,at most)n if the spaceof generalizedymme-
tries of K is exactly (at least,at most) n-dimensional. Whenan equation
is almostintegrablebut not integrablewe saythatit is almostintegrable of
finite depth

ExXAMPLE 2.2. Forary equationu; = K (u), thefunctionsu; andK (u)
aregeneralizedsymmetriesasis easilyverified. C-linear combinationsof
u; and K (u) arecalledtrivial symmetriesall otheronesnontrivial.

EXAMPLE 2.3. A nontrivial symmetryof theKdV equationu; = usz +
uu IS
5 10 )

Us + gUUg + §U1U2 + éuQul,

ascanbe verified by a tediousbut straightforward calculation.In the next
sectionwe will explain how onemayfind suchasymmetry

2.2. A-homogenuityand grading. Oneassociateseightsto themono-
mialsin R by fixing some\ € R andassigningo themonomialu,, - - - u;,
theweightr\ + iy + ... +4,. If everymonomialin K hasthesameweight,
thentheequationu; = K is called A\-homogeneoudNotethatthis depends
onthechoiceof \; for example,in theKdV equatioronehask (u) = uz +
uuq With two monomialsof weight3 and A + 1, respectrely. Henceonly
with the choice\ = 2 this equationis A-homogeneouof weight3). One
seeghatwith this choice,alsothe symmetryus + Suug + Luius + Suu,
is A-homogeneous)f weight5. In thesecasedhe weightequalsthe order;

whichis by definitionthe highestn suchthatu,, occursin the expression.
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We now discusshow to find symmetriesin the casethat K (u) is A-
homogeneousA calculationwith the Lie braclet [u;, - - - w;,, uj, - - - uj,]
shavsthatif f, g € R areA\-homogeneousf weightsw andw’ respectiely,
then(f, g] is \-homogeneousf weightw + w’. It follows thatif K is A-
homogeneouand S is a symmetryof K, thenthe A\-homogeneougparts
of S aresymmetriesof K aswell. This reducesthe problemof finding
all symmetriesof a A-homogeneousquationto the problemof finding all
A-homogeneousymmetries.Next, oneputsa gradingon the Lie algebra
L= {f € R|f(0,0,...) = 0} (with theLie braclet[f, g] = d,f — d;9).
This meanswve write it asadirectsum

£:£0®£1®...

of linear subspace# suchaway that [£?, £7] c £ for all 4, 5. Thisis
doneby defining£’ (for j > 0) to begeneratedby all monomialsu,, - - “Us;

of totaldegreej + 1. An elementf € £ canbewrittenin auniqueway as
asumf =Y fi, with f¢ € £. Usingthis grading,theequation K, S| = 0

is equivalentto the setof equationsy_'[K*, 5" %] = 0 forn = 0,1, ....

In fact we have herea bigradedLie algebra wherethe other gradingis
just ‘the numberof derivativesinvolved’, i.e., atermu;, ... u; hasdegree
i1 + ... + i, for this secondgrading. In the sequelwe put this second
gradingasa subscript. So u;, ... u;, € L} with j = 4o + ... + 4, and
(L5, £5] € L}];. Notethatanonzeroelementin £ is A-homogeneousf

weight \r + 4.

ExAMPLE 2.4. We fix A = 2 anddo the Lie-braclet calculationof
the symmetryof weight5 of the A-homogeneou&dV, usinghomogeneity
andgrading. Put K = us + uu;. The symmetryS we try to find, can
bewritten as S = S? + Si + S? with S/ € £. If thelinear part S? of
the symmetryis nonzero,me may after rescalingsupposehat S9 = us. It
commuteswith K3 = u3, hencethe £L%-partof [K, S] isindeed0. Because
of homogeneitythe quadraticanddegreethreepartsof S canbewritten as
S3 = ajusug + aguou; andS? = azuqul.

The £!-partof K, S] thenequals

[uz, S3]+ [uur, S5] = usui (5 — 3a;) — 3uguy(a; + ag — 5) — u3(3az — 10),
andthisis zeroonly if a; = 2 anday = 3.
Usingthis, the £2-partof [K, S] becomes
10

5
[us, SZ] + [uuy, guug + guluz] = (5 — 6as) (uu3 + 2uuy + uuyus)

whichis zeroonly if a3 = % After having checledthat

[uuy, S7] =0,
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onemay concludeto have foundthe desiredsymmetry

2.3. Symbolic calculus. The ‘symbolic method’ consistsof a rule to
translatepolynomialsin the variablesu = wug, u1, us, - . . into polynomials
in thevariablesu and&;, &, . . .. A first roughapproactowardsthis would
beto replacea monomialu,, . .. u;, by £ ... &7 u". However, thisis nota
gooddefinition, since,for instanceu,us = uouy, While £&2u? # £2&u?.
Onemalesthis well-definedby averaging,.e.,onesendsy;, . .. u;, to

T,Z oSt

wherethe summationis over all permutationsr on {1,...,r}. Moreover,
onesendsl to 1 andextendsby linearity to obtainamap

Clu, uy, ug,...] — Clu, &, &, .. ..

We usethe notationffor theimageof f (alsocalled‘the symbolicexpres-

sion’ of f) underthis map,andwrite f > f. Thisis the symbolicmethod
introducedby Gel'fandandDikiT in [GD75], inspiredno doubtby classical
invarianttheoryandFouriertransform.Thesystemati@pplicationof it was
initiated by Jing PingWangin herthesisfWan9§.

EXAMPLE 2.5. We repeatthe computationof the symmetryof weight
5 for theKdV equationnhow usingthe symbolicmethod.

Theconditionin £! canbewritten as|us, uu,| = [us, S3]. To translate
thisinto symbolicexpressionswe usethefollowing.

LEMMA 2.3.1 If f € £, thenfun, f] = (&1 + &)"F — (€7 + &) .
Proof. By linearity, it sufficesto shaw thisfor f = u,u,. In thiscase

[una“puq] = D, (“puq) Dy, (un)

= Z ( )“p+3uq+n —j

> 1 22 () (§p+agg+n J +€q+n J€p+J)
S (§p§2+§§1§2)((&+§2) - & —-&7).

Sincew,u, = su® (§1¢] + £1€D), this provesthelemma. O

For the symbolicexpressionsorrespondindo [us, uu,| = [us, S3] this
means

(& + &)5aur — (& + &)uu = (& + &)35) — (&8 + &) 55
We cannow (formally) expressS? in termsof wu; as

& (&L 4+&)°—& - 52/\
E (R =y




192 PETER H. VAN DER KAMP, JAN A. SANDERS AND JAAP TOP

This leadsto a real solutionif S‘; turnsout to be a polynomial. Thusour
problemgivesrise to the following generalquestion,which will be an-
sweredn Section3.1. Let

gé(fl, &)= (&L +&)" —E& &,

thenwhichfactorsdo G, andg,, havein common?
In our examplewe have

5 Ga(&1,6) —

St = 25> >
3 g{’} (gla 52) '
Let usintroduce, by requiringthat
So+&+&=0.

For oddn, we now have
2
Gr=-) ¢,
=0

thatis, the G, areS;-invariantswhereS; permutes, &1, &. Let

2

=) &, n=123
=0

It is known thatary S3-invariantpolynomialcanbewrittenasg(c;, ¢, ¢3)

for someg € C[X,Y, Z]. Moreover, in our situationc; = 0, hencethe
homogeneoug: mustbe a multiple of c,c3. Comparingcoeficientsone

concludesy; = —2cyc3 = 2¢2G3 andtherefore
~ 5 —
S; = 802uu1

= (e 286 +ong +

The uniquepolynomialin R with this as symbolic expressionis gum +
Puyug, hencethis mustbe S;.
Next, we computeS? by solving
[S3, uuq] + [SE, ug] = 0.
This leadsto 5
S‘f = 1_8(61 + & + &)U’

andthus S7 = 2u?u;. Sincealso[S?, K{] = 0, we have found the fifth

ordersymmetry

5 10 5
Sy = Sg + S; + Sf = us + guug + ?U/luQ + 6u2u1.
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Eventhoughthis illustratesthe useof the symbolicmethodon a rather
trivial example,alreadyhere one can seethe simplificationit bringsand
the possibilityto apply for instancethe invarianttheoryof the permutation
groupto attackthe classificatiorproblem.

The propertiesof symbolicexpressionsvhich werein specialcasesal-
readyusedin theabove example,arethefollowing.

PROPOSITION 8.
(1) Theassignmentf — fis injective Theimage of £ underthis

mapconsistof all polynomialsg (&1, - . -, &m)u™ with 1 < m and
g symmetric.
(2) For f € L™ onehasD,(f) = (& + ...+ &ns1) f-

—

(3) For f € L™ onehasdy(u,) = (€7 + ... +£&0.,) f.
(4) For f € L™ onehas

[ [l = (4 4 & — Gt o+ &) T

Proof. (2), (3) and(4) follow from straightforvard calculations;com-
parethe specialcasepresentecasLemma2.3.1.To prove (1), first obsere
thatthesymbolicexpressiorof amonomiaku;, - - - u;,, isindeedof theform

asstated. Vice versa,every suchpolynomial g(&, . .., &n)u™ is alinear
combinationof polynomials(}>, £}, - - - €., )u™/m!. Thelatterpolyno-
mial is the symbolicexpressiorof u;, - - - u; . Thisshavs bothsurjectvity
andinjectivety. O

DEFINITION 2.6. Forn,m > 0, thepolynomialsG!™ € Z[¢y, . . ., &mii]
aredefinedby Gi* = m and

G =&+ +&m)" — (& + ... +E00)
if n> 0.

With thesenotations,one of the statementsn Proposition8 is thatfor
f € £™andn > 0 onehas|u,, f| =G f.

EXAMPLE 2.7. We now turn backto our KdV computationandtry to
find the quadraticandcubic partsof a \-homogeneousymmetryof weight
n + 2. We write this symmetryas

S=Upo+St+S2 5+....
Theconditionin £ is [u3, S}] = [uny2, uuy], hence

2 2
a1 711—1—2/\ _ (& + &) = =g 2
. uu

gl 6£,&;
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This is a polynomialwhich indeeddetermines uniqueS}. Now consider
the cubic term S2 ,. To solve the equation[us, S% ,] + [uuy,S}] = 0

n

correspondingo the £2-partof K, S] for S2_,, we usethefollowing.

LEMMA 2.3.2 Supposef,g € £! with f > f andg > § for some
f, 3 € Cl&1, &]u?. Thenthe symbolicexpressionof [ £, g] equals

~

1 ~ ~ ~
@Z F(&o(1): €0(2))T(Eo(3): o) Ho(2)) — f (€0 (1)s €0 (2) HE0(3)) T (Eo(2): Eo(3))-

oc€S3

Proof.Both sidesof theequalityarelinearin both f andg, hencet suffices
to considerthe casef = uju, andg = u,u,,. Herea straightforvard
calculationprovesthe result(in fact, it is hardly more work to stateand
prove ananalogousesultfor f € £ andg € L9). O

This lemmaimpliesthata solutionS2_, existspreciselywhen

G 10(&0(2), E03))
§o2)60(3)

1
Z ni2(&o) + €02, 60(3) — (&) + &) T &o3)

§o(3)

o€ S3

is divisibleby G2 = (& + & + &)° — € — & — & = 3(6 + &)(& +
&) (& + &). By symmetry this is the sameas divisibility by (& + &).
Sincethe substitution{, = —¢&; reduceghe above expressionto —2(1 +
(—1)™)&Er~1¢2, thedesireddivisibility holdspreciselywhenn is odd.

In the next sectionit is shavn that no higher degreecalculationsare
neededo prove the existenceof infinitely mary symmetriedor the KdV
equation.

2.4. Implicit function theorem. Thegradingl = &%°,L" inducesthe
structureof afiltered Lie algebraon £. Namely oneputs F* = @;>;L7,
thenl = F° > F' > F? > - - - satisfies?, F¢ = {0} and

[F', F] c FH.

In this filtered algebrafinding a symmetryS of K is equivalentto solving
thesetof relations

[K,S) € Fiforj=1,2,...
Undercertainconditionsall theserelationshold providedthefirst few do.

DEFINITION 2.8 An elementK € L is called nonlinearinjective if
[K,Q] € F ' impliesQ € F' ™ forall Q € F',i > 0.

Note thatad K') definesa linear mapfrom F* to itself, for all 4, and
hencean inducedlinear map: F*/F**' — Fi/F"! for all i. Nonlinear
injective preciselymeanghattheseinducedmapsareinjective, for i > 0.
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Since[Lt, FY] ¢ F'*, nonlinearinjectivity of K only depend®nthelinear
partK° € L% of K.

DEFINITION 2.9. Onecalls K € L relatve ¢-prime with respectto
S e Lif foralli > ¢ andfor all @ € F* onehasthat[S, Q] € ad K)(F*/)
implies@ € ad K)(F*) mod F*.

To explain this terminology notethatfor ) € F* andS € £ theclass
[S, Q] mod F*! only dependson the Lie braclet [S?, Q] of Q with the
linearpartS° of S. Similarly, ad K) (F*/F*') = ad K°)(F*/F*'). Now
in thesymboliclanguagetakingtheLie bracletof alinearterm) _ \;u; and
atermf € £ correspondso multiplying f by 3 A;Gi. If two polynomials
g1, g2 Of thiskind arerelatively primein theusualsensethenglfAis divisible
by ¢, preciselywhen f is divisible by ¢g5. Thus, the polynomialsbeing
relative primeimpliesthatthe correspondindg<® andS° (andhencek and
S) arerelative Z-prime,for all 2.

Thefollowing implicit functiontheorentor filteredLie-algebraswhich
isto befoundin [SW9§ andin [Wan98 Section2.9], canbeusedto prove
the existenceof infinitely mary symmetries.

THEOREM 2.10(SandersWang) LetF beafilteredLie algebra which
is completewith respecto thefiltration topology. Supposés, S and@ €
FO satisfy
[K,S]=0
K is nonlinearinjective
S is relatively/-primewith respecto K
[K,Q] € F*

[S,Q] € F.
Thena uniqueQ € F¢ existssuc that@ + @ is a symmetnyof both K and
S, e,

*

* X ¥ X

[K,Q+Ql=0=[5Q+Q]

Theproofof thisis actuallyrathersimple:since[ K, S] = 0 and[Q, K] €
Ft it follows that (K, [S, Q)] = —[S, [Q, K]] € F*. Nonlinearinjectivity
of K now implies [S, Q] € F¢. Moreover, the sameequality shavs that
[S,[K,Q]] € ad K)(F¢/F1). Sinces is relatively ¢-primewith respect
to K, it followsthat[K, Q] = [K, Q'] mod F*+! for someQ’ € F*. Hence
[K,Q — Q'] € F** and,usingnonlinearinjectivity of K asbefore,also
[S,Q—Q'] € F¢1. By induction,thesameargumentyieldsfor everyp > 0
anelementQ’ € F* for which [K,Q — Q'] and[S,Q — Q'] arein Fr,
Completenesef F finishestheargument.

EXAMPLE 2.11 We cannow provethattheKdV equatiorhasinfinitely
mary symmetriesusingthis implicit functiontheorem.So,take K = uz +
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uuy andS = us + Juuz + Fuius + 2u’y,. Considerary oddintegern and
pUtQ = u,4o + S: + 52, with S}, S2 , asobtainedn Example2.7.
* Wehavethat[K, S] = [us+uuy, us+ 2uug+Fuius+ 3uuy] = 0.
* The actionof ad K) on Fi/F*! equalsthat of ad(uz). This s
easilyverified to beinjective for 7 > 0 (e.g.,usingthe symbolic
method).
x Take f € L. Usingthe symboliclanguageonefindsthat S, f] €
ac{K)(P/P“) implies f € ad K)(F*/F**') wheneer g} and
G arerelativeprime. It is aneasytaskto verlfy thatbothG; andg:
areirreducible. Becauseg), |¢,,,—0) = G5 ', all G; with n = 3,5
and: > 3 areirreducibleaswell. It follows that K is relative
3-primewith respecto S.
* We have shovn in Example2.7that[K, Q] € F>.
* Since[us, u,| = 0, it followsthat[S, Q] € F*.
Theimplicit functiontheoremthereforeyields a Cauchysequencdor the
filtration topology (Q + Q»)»>1, With all @, € F* and[K, Q + Q,] and
[S, @ + Q] elementof 7. Thepartof @ + @, whichis \-homogeneous
of weightn + 2 thenhasbe beindependenof »n for n >> 0, anddefinesa
nontrivial symmetryof both K andS. Thisshavstheexistenceof infinitely
mary independensymmetrief the KdV equation.

3. Classificationresults

3.1. Positiveweight. Usingthesymbolicmethodandtheimplicit func-
tion theorem the paperd SW9g and[SWOQ classifyall A-homogeneous
equationof theform

ut:un+f(u0a---aunfl)

which have infinitely mary independensymmetriesin thecase\ > 0. We
briefly indicatethe stratey for thecase\ > 0.

Using diophantineapproximatiortheory F. Beukers[Beu97 proveda
usefulresultconcerninghe mutualdivisibility of the G-polynomials:

PROPOSITION 9. Forintegersm, n,i > 1 withn # m, thepolynomials

=&+ +&)" - - =&
havethe propertyged(G:, G.) = 1 exceptin thefollowing cases.

i=1 andn iseven: gcd(G:,G) =&

i=1, n=1mod6: ng(gfw Gi)=&&(& +&)(E +&&E+ &)
i=1, n=3mod6: gcd(g}w gz ) =& (& + &)

i=1, n=5mod6 : ged(GL, i) = E1&o(& + &) (E2 + &6 + £2)
=2 andn isodd: ng(gfw Gi) = (&4 &) (& + &) (& + &3).



INTEGRABLE SYSTEMS AND NUMBER THEORY 197

order:| \: | K:
n= 1| ug 4+ urug (Burgers)
n=3] 1 |us+u? (potentialKdV)
2 U3 + U1Ug (KdV)
n=>5 1 |us+uus+ £ul (potentialSavada-Kotera)
us + 10u us + Eug @ui‘ (potentialKaup- Kupershmldt)
Uus + duius + 5u2 — 5U3u0 — 20uguqug — 5u1 + 5u1u0
(Kupershmidt)
n=>5| 2 [wus+ 10usup + 25usu; + 20u;u’ (Kaup-Kupershmidt)
us + Busug + duguy + duiud (Sawvada-Kotera)
n=3|1/2] uz+ 3uguj + Juiug + uiug (Ibragimov-Shabat)
1 | us + uyul (modifiedKdV)

TABLE 1. IntegrableA\-homogeneousquationsvith \ > 0

Thisimpliesthatif a \A-homogeneousquationhasno quadraticandno
cubicterms,thenit cannothave a nontrivial symmetry Supposenow that
the equationK of ordern hasno quadraticterms. If K hasa nontriial
symmetry thenit hasa nontrivial \A-homogeneousne. This meansn par
ticular thatits linear part containsexactly onew,,. Now first of all bothn
andm haveto beodd. We find

- 2
52 = %5 K2.

In particular l/{;? is divisible by G2/ ((&1 + &) (&1 + &) (& + &3)). Using
theimplicit functiontheoremijt followsthat K hasa A-homogeneousym-
metryof order3.

If K doeshavequadratiderms,asimilaragumentsshawvsthatit isin the
hierarchyof an equationof order2,3,50r 7. A ratherextensve computer
algebracomputationwasusedto shaw thatif agiven7th orderequatiorhas
anontrivial symmetry thenthe symbolicexpressiorof its quadraticpartis
divisible by (2 + £,&, + £2). This meanghe equatioris in the hierarchyof
soméefifth orderequation.Therestrictionthatthe \-homogeneousquation
needdgo have aquadraticor a cubicpart,reduceshe possiblevaluesof the
weight A > 0 to afinite set. Eachcasehasto be checledseparatelyA sys-
temof order2, 3, 5 needgo have a symmetryof order4, 5, 7, respectiely.
Thisresultsin thelist of tenequationsn table3.1.

For the odd orderequationsn this list which have a quadratigart,one
morething hadto be proven. Thesesystemsarerelative 3-primewhile the
divisibility resultsonly shav that thereexists infinitely mary symmetries

modulo£?. Oneprovesin this casethat [@] is divisible by
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(&1 + &) (& + &) (& + &) if eitheréy + & or £1&, divides K. It follows
thatthe modulo £3 equationcanbe solved andusingthe implicit function
theoremoncemore,this provestheintegrability.

3.2. Zero weight. With similartechniqueshe A\ = 0 caseis treatedn
[SWO0(Q. Thelist is givein table3.2.

order:| K:

n=23|us+us (potentialmodifiedKdV)

n =5 | us + duguz — Suuz — duyul + ub (potentialmodifiedKdV)
TABLE 2. IntegrableA\-homogeneousquationsvith A = 0

Also noncommutatie equationganbe consideredin which caseu; u,
shouldbereadasatensorproduct,thatis u; ® u,, andonehasto assume
thereis no relation betweenu; ® u, andu, ® u;. We omit the results
obtainedn this case.They canbefoundin [OS98,0WO00].

4. Systemsof equations

In this surwey we will only treatthe caseof systemsof two evolution
equationslt shouldbe clearfrom this whatthe correspondingnotionsand
definitionsin thegeneralkcaseof d equationsare.

We take two functionsu = u(z,t) andv = v(z,t). As before,thenth
derivative with respecto z is denoted.,, andv,,, respectrely. By u;, andv,
onedenoteghederiative with respecto ¢. Theequationsonsideredhave
theform

vy = L(u,uy,...,0,01,...)
in which K, L arefunctionsof © andv andof finitely mary of their deriva-
tivesu;, v;. The maximaln suchthatu, or v, appearsn oneof K, L is
calledthe orderof the equationor of K, L. The dimensiorof theequation
is the numberof functionsinvolved,whichis 2 in our case.

{ ut:K(U,Ul,...,U,’Ul,...)

4.1. Symmetries. ThevectorS(u,us,...,v,v1,...)) isasymmetryof
theequationif

L(u+S1) = K(u+eSi,uy +eDy(S1),. .., v+ 652,01 +€D,(Ss),...)
%(’U + SQ) = L(u +6$1,U1 —+ SDw(Sl), - + 882,’(}1 —+ 8Dw(52), .. )

uptofirst orderin €. Analogousto the caseof scalarequationspneobtains
analgebraiadescription(limited to polynomialequationspsfollows.
Write R := Clu,uy,...,v,vy,...| for thering of polynomialsover C
in infinitely mary variablesu = ug, u1,...,v = vy, v1,.... OnefixesaC-
linearderiationd, onR definedby d,(u;) = w1 andd,(v;) = v;41. For
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ary pair(f, g) € R x R thereis auniqueC-linearderivationonR, denoted
by &(y,q), Satisfyingdsq)(u) = f andésg(v) = g. Notethatds g (h)
is in fact the Fréchetderiative of h in the direction (f, g), c.f. [OIv93,
5.24],alsocalledthe Gateauxdervative ([Mag78, Al]). Oneextendssuch
aderiationto thering of dualnumbersR[e] by s,q) (1 +€5) = (1, (1) +
£0(7.9)(5)-

With thesenotations,S = (S1,52) € R x R is asymmetryof K =
(K1, K3) € R x R preciselywhen

Ok (u+eS1)=Ki(u+ S, ur +€05(S1), .., v+ €Sa, v1 +€0,(S2), .. .)
Ok (v +¢eS2)=Ko(u+eS1,us +€6,(S1), .., v + €S2, v1 + €6,(S2), - - .).

Completelyanalogoudo the scalarcase onecalculateghatthis is equiva-
lentto thevanishingof aLie braclet K, S] onR x R, definedby

[K, S] = (5}{(51) — 6S(K1),6K(SQ) - 55(K2))

The symmetriesof K form a sub-Lie-algebraof R x R. The C-linear
combination®f (ug,v;) and(K;, K,) arecontainedn this; they arecalled
trivial symmetriesThesystemk is calledintegrablef thissub-Lie-algebra
hasinfinite dimensionover C.

4.2. Homogenuity and grading. As in thescalarcasewrite £ for the
subspacef R consistingof all polynomialswith constanterm0. Given
integersr, s,n > 0, thelinearsubspace’>* is by definitionthe C-spanof
all monomialsu;, - - - w;, vj, - - - v, With ig + ... + 4, + jo + ... + js = n.
Thisdefinesthreegradingson £, and£ = @, ; ,L7°.

Givenreal numbers(\;, A\y) andw, apair (K,L) € £ x L is called
(A1, A2)-homogeneousf weightw if all L]*-partsof K satisfyrA; + s\, +
n = w + A\; andall £>»*-partsof L satisfyr; + sho +n = w + As.

Notethatthelinearpartsof ahomogeneoupair areof theform (au,, +
bun, cu, + dvy,). Moreover, if both A1, Ay > 0 thenthenumbern appearing
hereis largerthanthe orderof the higherdegreepartsof K andL. We will
restrictoursehesto (A;, A2)-homogeneousystems K, L) € £ x L with
A1, A2 > 0 which morewer have the propertythatthe matrix (‘c‘ Z) canbe
diagonalized.If this is the case,a linear transformationchangeghe pair
into oneof theform (a,u, + K’, asv, + L") with K’ L' of order< n. The
valuesaq, a; arecalledthe eigervaluesof the system.For suchsystemsve
will shawv thatanontrivial conditionfor integrability canbeanalyzedusing
divisibility propertiesof the G-functionsintroducedn the next section.

4.3. Symbolic method. In the 2-dimensionalcase,the symbolic ex-
pressiorof f € L is by definitionits image f in thering of polynomials
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Clu,v,&1,&, ..., 01, M9, . . .| underthe C-linear mapdefinedby

ui1 .. .uir . /Ujl .. "U] — U U - Z 511 . 1‘)77 ) 7718(3)

o€S,,TES,

Thepropertiesof thisassignmenareanalogouso thosefor thescalarcase:
if f e L™ then
r+1 s+1

= (Zfz‘ + Zﬂj)f

For f,g € L%, the braclet [(aiu,, asvy), (f, g)] correspondsn the sym-
bolic languagdo multiplicationof (f,g) with thediagonalmatrix

Gilla] 0
0 Ghlal

1+1 1+1

Gyl lal = ay Z&ﬁZm —alsz —G2Z771

where

and
J+1 j+1

G“’n[a]—aQZSkJer —alsz az Y p,
=1

which arerelatedby
Gfl;jn[al, as](§,m) = GJ’ wlaz, a1](n, §).

4.4. Example: a degenerateintegrable system. In this sectionwe
demonstratéhe useof the symbolicmethodandthe implicit functionthe-
oremby proving the integrability of somedegeneratesystemconsistingof
theKdV equationcoupledto apurelynon-linearequatiorwith aparameter

Startwith thefollowing systemjo befoundin [FouOQ:

= B+ 35+ (2 g+ (6 i + s+ (4
vy = 503 + 3us + (2 — @)vovr + (6 — @)ugvr + avgus + (4 — a)ugus.

Usingtheinvertiblelineartransformation
1 1
u > §(u+v),v — §(u—v)

andapplyingthescaletransformation; %u andtheparametetranslation
a — a + 2, thisis transformednto the system

L U = U3+3U0U1
K(a) = { vy = QuiVy + UgU1.
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This systemhasinfinitely mary symmetriedor ary «, asis shavn asfol-
lows. Write K,, (with » odd)for thenth ordersymmetryin Clu, uy, . . ., u,]
of the KdV equation. It follows from [OIv93, 5.31] thatevery K, is the
D,-imageof auniqueelementin Clu, uq, ..., u,] N £; this elementis de-
notedD;'(K,). Asis shavnin loc. cit., they satisfytherecursve relation
K12 = D*(K,) + 2uK, + u1D_;'(K,). A directcalculationnow shovs
thatfor everyoddn > 3, the pair

Sn(a) = ( {ZZJO + v D) Ko )

is asymmetryof the systemK («). Hencethis systemis integrable.

In fact, muchmorecanbe proven: by takingtheseS,, (o) and K («) as
inputin theimplicit functiontheorem,t wasshowvn in [vdK02] (usingthe
symbolicmethod)that K («) alsohassymmetriesof every even order (at
leastfor o # 2). As a specialcase,this provesa conjectureof Foursos
[FouOQ).

5. Classificationresults

As in the scalarcase,to usethe symbolic methodin orderto clas-
sify integrablehomogeneousystemsone needsdivisibility resultsfor G-
polynomials. In the presentsituation, these(homogeneouspolynomials

dependonintegersn, m > 0 andavectora = (ag, .. ., an) € C™*1; they
aredenotedi™[a], with
Gllal:=ao (&4 ... +&n)" — @&l — ... — am&.

5.1. Systemswithout quadratic and cubic terms. Thefollowingthe-
oremimpliesthatary polynomial(in u, v, - - - andtheir z-derivatives)sys-
temof ordern > 1 with nonzeradiagonalinearpartandwithout quadratic
andcubictermscannothave higherordernontrivial symmetries.

THEOREM 5.1. Let3 < n € N. For anypositiveinteger m andvector
a=(1,a", ... a™ 1), theG-function

Gam = Gla] = (3 &)™ = arlem
=1 =1

isirreducibleover C in caseall a; # 0.

PrOOF. A factorizationf,,, = A - B with A, B polynomialsof pos-
itive degree, meansthat the projectve hypersuréceS givenby f,,, = 0
is a union of two componentsS; andS;. Sincen > 3, thesecomponents
intersecin aninfinite numberof points,which shouldbesingularitiesof S.
A straightforvard calculationshavs that S hasonly finitely mary singular
points.Hencef, ,, is irreducible. O
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5.2. Cubic terms. Supposethat our integrabletwo-dimensionakys-
temhasnonzerocubicpart K —12? or K2~1. Thefollowing theoremmplies
thatall its eigervaluesareequalandits orderis 3.

THEOREM 5.2. Leta € C andn € Z-.,. Considerthe polynomial
fon=0alz+y+2)" —a" —y" —2"
If « = 1 andn oddwehave

fin=(+y)(y+2)(z+2)F.(z,y, 2)

with F,(z, y, z) irreduciblein C[z, y, z].

If n =2anda = 1/3thenfi s, = —2(z + py + pz)(z + py + pz) in
which p = €2™/3,

In all othercasesf, , isirreduciblein Clz, y, z].

Theideaof the proofis to shav thatthe numberof singularitieson the
curve givenby f, , = 0 is too smallfor the curve to bereducible.Thiswas
actuallycarriedout by Frits Beukers.

Otherprogressanbe madeunderthe assumptiorthatthe orderof the
equationis two. Thisis carriedoutin [SWO01]. With help of Taylor’s ex-
pansionit is possibleto shav thefollowing.

THEOREM 5.3. Suppose, b € P*(C) havethepropertythatthere exists
morethanvaluem € N sudthatG3[a] dividesG?2 [b]. Thenall sudm have
thesameparity andweare in oneof thefollowing cases:

(1) a=(1,1,1,-1)andb = (1,1,1, %1).
(2) a=(1,1,—1,1) andb = (1,1, +1,1).

With thesetwo theoremsandtheimplicit functiontheoremwe candraw
thefollowing conclusions:

x Undertheusualassumptionsf the 2"d-ordersystemwithout qua-
dratictermsis integrable thenits only eigervalueis —1 andit has
arbitraryordersymmetries.

x Thisanalysigs alsousefulin dimensiond > 2. However, only for
d = 2 it givesa completeanswer:we only have two eigervalues,
soeitheray, as Or as is equalto ag, or they areall differentfrom ay
andthereforeequalto oneanother

x Although we only considerthe integrability problem,the results
equallyapply to almostintegrablesystemgthatis, systemswith
only afinite numberof nontrivial generalizedymmetries).

Thereis still alot to bedonehere.The mutualdivisibility of thepolynomi-
als

g;”;[g] =alx+y+2)"—bz" —cy" — d2"
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(with v = (a, b, ¢, d)) is well understoodor b = ¢ = d andwe know when
thequadraticoneappearssa factorof anotherone,but thatis it. Progress
herewould have immediateimplicationsin the classificatiortheoryof sys-
temsof evolution equationswith respecto the existenceof symmetries.

5.3. Quadratic terms. We proceedasin theprevioussubsectionFirst
we assumethat our two dimensionalsystemhas nonzeropart K ! or
K1~1. Numbertheoreticalmethodsand ‘experimentalmathematicswill
lead us to mary integrablesystemsat ary order Moreover we will find
a hugesetof almostintegrablesystemsthatis to say systemswith a fi-
nite numberof symmetries.It wasobsened and conjecturedgcf. [Fok80,
1S8Q Fok87), thatthe existenceof one (or a few) symmetriesmpliesthe
existenceof infinitely mary symmetriesThisturnsoutto bewrong. Coun-
terexampleswerefoundin [Bak91, vdKS99]. A (p-adic) methodto prove
thatthe numberof symmetriess finite hasbeendeveloped,cf. [BSW98,
vdKSO01]. We will first concentraten integrablesystems.After this, we
indicatehow the p-adic methodswork. Finally, we fix the orderandshow
how to classifythe generakystemof ordertwo usingnumbertheory

5.3.1. Integrable B-systems Supposéhat K —'! is non-zero.The sys-
temcontainghefollowing subsystenwhich we will analyzeonits own.

= ayu, + K(vo,v1, . ..
Bufan () s { U2 e G e)

whereaq, a; € C andK is aquadratigoolynomialin vg, vq, vs, .. .. We call
this a B—system.The (only) conditionfor B,,[b1, b2|(S) to be a symmetry
of B,,[ai, as](K) reads

Gn[alaa2]§ = Gm[blabZ]I?a
with the G—functions
Gplar, ag)(&1, &) = a1(& + &)™ — a2 (€7 + £3).

If G,lbr, bo] K is divisible by Gp[a1, as] we have a symmetricpolynomial
expressiorfor S which canbetransformedack. Becauséhe &, -degreeof
K is assumedo be smallerthan n, the function G, [ay, az] cannotdivide
K. ThereforeG,[a1, as] shouldhave a commonfactorwith G,,[b1, bs] in
casea nontrivial symmetry(with eigervaluesb,, by) exists. Vice versa,if
ap, ag, bl, by € C Sat|Sfy(W|th F, L, T e (C[é-l , 62])

Gn[al, CLQ] =FL
Gmlbi,bo]) = FT
with F' not constantthentheLie braclet vanishesf onetakes K, S corre-

spondingto multiples LM and MT. Oneis freeto chooseM € C[&;, &]
aslong asthe&;-degreeof K is smallerthann.
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THEOREM 5.4. All first, secondand third order B-systemsare inte-
grable

PROOF. The G-functionsof thesesystemsaresymmetricbinary forms
of degreel or 2. Theonly oneof degreel is & +&2, whichdividesG,, [b1, bs]
if andonly if m is odd. A seconddegreesymmetricform hastwo zeroesr
and?. It dividesG,,[1 + ™, (1 + r)™] for everym. O

This alsoshaws thatto obtainhigherorderintegrablesystemghat are
notin the hierarchyof alower ordersystemonehasto considerfactorsof
degrees.

LEMMA 5.3.1 Suppose # s. Theform G,[1 + r", (1 4+ r)"] hasa
factor

(& — r&)(rér — &) (& — s&2) (561 — &2)

wheneer
Un(rys) :=Gu[1 + 7", (1 +7)"](1,s) = 0.

PROOF. Thisis evidentby comparingzeroes. O

To find integrable B-systemghatarenot in a hierarchyof a systemof
ordersmallerthan4, oneneedsr, s suchthatU,,(r, s) = 0 for infinitely
mary positve m. SincelU,,(r,s) = (1+s)™ + (r+rs)™ = (1 + 7)™ —
(s + rs)™, thefollowing theoremcanbe applied.

THEOREM 5.5(Lech,Mahler). Letzq, xo, ..., xk, c1,Co4 - . ., ¢ € C\O.
Suppos¢hat noneof theratiosz; /z; with ¢ # j is arootof unity. Thenthe
equality

arl + ez + ...tz =0
holdsfor at mostfinitely manyintegers m.

In [BSW9] it is shavn thatasa consequencef this, the only factors
of G—functions(with a nonzeroa;) which appeain infinitely mary other
onesG,,, have zeroedn asetof theform {0, —1,, £, 7, 1}. Thefollowing
list of all integrableB—systemswith quadraticpartvg givenin [BSWO01] is
obtainedusingthis. It alsousedanalgorithmof C.J.Smyth(cf [BS01]) that
solvespolynomialequationdor rootsof unity. For eachsystemin thelist,
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all n suchthata (nontrivial) symmetrys3,, exists,aregiven.

2 2
neN {au2+v ne2N+1 {aug—i-v
Vg V3
_ 2 _ 2
ne€e3N+1 { Us 0 n € 4N { Sus + v
V4 (1
_1 2 —1345v5 2
nedN+1 { gUs TV ne10N+5 {72 us +
Us Vs
2 2
n€6N+1 {“5+U n€6N+1 {“7+U
(% U7

We now presenta moredirect methodthanthe onein [BSWO01]. This
makesit possibleto treathigherorders. Expressingl,(r, 7) in termsof
r = zandy = 1+’" yields an equationthat can be solved for roots of
unity. As an example this was carriedout for n < 23, andthe values
r correspondingo solutionSx ,y were plotted. Becausethe set of roots
is invariantunderr — 1 andr — 7, the upperhalf unit disc is taken
asa fundamentaomain. Inspectingthe patternsformed by the valuesr
obtainedn thisway, canbe describedasexperimentaimathematics

To explain the resultswhich were at first found experimentallyin this
way, notethatary » € C \ R canbe describedy fixing two unit vectors
1, ¢ in theupperhalf planeandsayingthatr is theintersectiorof thelines
aty and—1 + bp.

THEOREM 5.6. Let3 < n € N. Let, ¢ be 2n'" rootsof unity. Let
H ={z € C|z # z,|z| # 1}. To theintersectionpointr € #H of thelines
ary and—1 + by, there correspondsn integrable B-system.

Anyintegrable B-systems a symmetryof sud a system.

The proof of thefirst statements simple,it follows from substitutingr
in U, (r, 7). Theratio of eigervaluesof theintegrableB-systemis givenby
(1 +r™)/(1 + r)™ andthe orderof the symmetrieds a multiple of n. The
secondstatemenfollows from the Lech-Mahlertheorem.

The numberof integrablesystemsof this form canbe calculatedandit
canbeverifiedwhethersucha systemis in alower hierarchy

THEOREM 5.7. LetK = {z € H|z + 2z # =2,z + 3| # 3}. The
B-systemslescribedn theoemb5.6thatcorrespondo » € K havenoother
symmetries.



206 PETER H. VAN DER KAMP, JAN A. SANDERS AND JAAP TOP
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FIGURE 1. Thepatternof zeroef G—polynomialsof inte-
grablesystemswith order23.

/."..05.

04

T2

FIGURE 2. Thezeroef G—polynomialsof integrablesys-
temswith order10 inside the unit disc as intersectionof

stars.

Theideaof the proofis, to write U,,(r, 7) in termsof rootsof unity ¢
and¢p andto performthetransformation
0 = v, Y — .

This leadsto thediophantineequation

1—p\™ 1—pm
(5.1) (1—1/) 1—vm
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Frits Beukersshavedthatwhenm > 1, this equationhasno solutionsin
rootsof unity u, v with u,v # +1 andu # v, v. Applying the inverse
transformatiorto p, v = —1 resultsin ¢ = +i), ¢ = £1.

Onemay obsenre thatthe remainingintegrable B-systemsio not have
othersymmetriesaswell. To show this, one provesthat the diophantine
equation

(1+p)" =211+ p")
hasno solutionswith » > 1 andy aroot of unity # +1. This follows
by comparinga 2-adic valuationof thetwo sides. This obsenationin fact
completeghe classificatiorof integrableB-systems.

EXAMPLE 5.8 Taken = 6. Theline aes™ —1 intersectgheimaginary
axisin thepointr = /3i. Thisis azeroof G[13, —32]. The polynomial
dividing all G—functionsof the correspondingymmetriess

Q = (3& +&)(& +3¢7)
Thequadratigpartof the systemyields (a multiple of)

Gg[13,-32] 15
I 7(5? +&) + 1366
Oneeasilycalculatesusingthis, thatthe system
{ ug = 13ug + 15009 + 1302

v = —32v4
hasa symmetry
365u19 — 561vvg + 1460v1v7 + 9900v9vg + 21900v3v5 + 138931&
2048’012

5.3.2. AImostintegrable B-systems Many B-systemdave only finite-
ly mary independensymmetries.An efficient methodfor computingall
B-systemsof a given orderwith a symmetryof someotherfixed orderis
theuseof resultants.

We fix integersn # m andcalculateall r, s (with r # s, %) suchthat
Un(r,s) = Uny(r,s) = 0. In thefollowing we disregardthe trivial factors
of U,, whichare(r — s)(rs — 1) for all n andalso(r + 1)(s + 1) for oddn.

LEMMA 5.3.2 Taken > 3. To obtainall eigervaluesof n'" order B-
systemswith a symmetryof order m # n one calculatesthe resultantof
Un(r,s) andU,,(r, s) with respecto s andappliesthemapr +— (}j“r;”;”m to
its zeoes.

ProoOF. If theresultanof U, (r, s) andU,,(r, s) vanishegor somenum-
berr € C thenby lemma5.3.1,the two symmetricbinary forms G,,[1 +
™ (1+7)"(&1, &) andGy, [1+ 7™, (14+7)™] (&1, &) have acommonfourth
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orderfactor@. Thisimpliesthatthe n™" order B—systenmwith eigervalues
a; = 147", ay = (14+r)™ andquadratigartcorrespondingo G, [a1, a2|/Q
hasa symmetryof orderm. O

ExaMPLE 5.9 (Bakirov, [Bak91]). The resultantof U, and Ug with
respecto s containshefactor

f(r) =2r* +10r® + 157* + 107 + 2.
We have that
1+7r*=5(1+r)" mod f(r)
and
1+ 7%= 11(1 +r)° mod f(r).
Hencea4th ordersystemwith eigervaluess and1 hasa6th ordersymmetry
with eigervaluesl1 and1.
To obtainanexplicit example,take K = v%. Thenthe quadraticpartof
the6th ordersymmetrysatisfies
31\1 _ Gﬁ[l]-: 1](61: 62) ’U2 _ (5512 + g%
Ga[5,1](&1, &) 2
henceS! = 5v4vy + 4v2. Thuswe have calculatedhat
uy = buy+ v3
Ut = U4

+ 4£, & )07,

hasthe sixth ordersymmetry

uy = 1lug + dvgvy + 41)%
V¢ = Vg

We will now discusgp-adictechniquedo answerthe questionwhether
a particularsystemhasmorethanoneindependensymmetry andif so, of
whatorder In fact, the methodwill enableus to shav thata systemhas
only finitely mary generalizedymmetries.

Let p be a prime number The ring of p-adic integersis denotedby
Z, andits field of fractionsby @Q,. Thering of p-adicintegersis Z,. An
introductorytext onp-adicnumberss providedby [Gou97]. Everyelement
x € Z, canbewritten as

T = Z cip’
1=0

with ¢; € {0,1,...,p — 1} andthis representatios unique. The p-adic
expansionof a positive integer is just its basep representationand this
yieldsinclusionsZ C Z, andQ C Q,. We have (compatible)reductions

n—1

modulop™ givenby >~ ¢;p" — -1 ¢;p’ mod p™.
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Henselifting. Henselslemmagivesamethodio checkwhetherapoly-
nomialover Z, hasazeroin Z,:

LEMMA 5.3.3(Hensel) A polynomial f € Z,[X] hasa ze in Z,,
providedthe following holds. Thee existsan a; € Z, sud that f(ay) =

0 mod p and 3—{(@1) # 0 mod p.

The (standard)proof is to constructa Cauchysequencen Z, using
Newtoniteration,startingfrom a; .

Themethodof Slolem. Let j beapositiveinteger. Givenp-adicintegers
¢; andp-adicunitsz; for 1 < i < j, oneputs

J
m_§ : 0T
Uy, = CGY, T;
i=1

wherey; € Z, is definedoy 1 + py; = 27" For example,with ¢; = (—1)
andj =4andx; =1+r,29 =1+58,23 =s+rsandxy =r +rswe
have U, (r, s) = ul.

LEMMA 5.3.4(Skolem). If uf # 0 modp thenVr g, ;) # 0.

PrROOF. Notethatuf .. ) =7, cizf(1+yip)” = uf modp. O

LEMMA 5.3.5(Skolem). If p > 2 andu? = 0 andu;,, # 0 modp then
vr > 0 wehaveuy o, ) # 0.

0 —
PROOF. Assumeu; ..., 1) =0, then

T

J T
0= Z caf(l+yp) =) (Z)ptu}; =Y <:>ptufc

Now use
Lir\ 1(r—1
r\t) t\t—-1
anddivide by pr to obtain
1 — (r—=1\p"! t_
a3 (32 =

This contradictsthe secondassumptiorsince’? containsa factorp for
t > 2andp # 2. O
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To apply theselemmasin our situation,recall that we are have a pair
n # m andasolutionr, s to thesystemU,,(r, s) = U,(r, s) = 0. We want
to find conditionson otherintegersk suchthatUy(r, s) = 0. For this, one
searches prime numberp suchthatthe involvedrootsr ands arein Z,,
andoneconsiderghe corresponding:) (with ; = 4). Onenow checksthe
conditionsin thelemmasfor all £ < p — 1.

ExAMPLE 5.10. Hereis how to apply the methodof Skolem to the
Bakirov system. Recallthatthe resultantof U, andUs containsa quartic
polynomial f(r) = 2r* + 10r® + 1572 + 107 + 2.

x Whenp = 23 wefind modulop thesimplezeroesr and10. These
areeachothersinversesothereis a (23-adic) G—functioncontain-
ing themateveryorder Hencenoadditionalconditionontheorder
of possiblesymmetriess foundhere.

x At p = 59 we find modulop simple zeroes25, 26, 27, 35 from
whichwe choose25 and27. By Hensels lemma,they correspond
to p-adiczeroes :=25+4+37-59+...ands := 27+26-59+...
of f.

Theexpressionu?, = U,,(r, s) vanisheanodulop whenm &
{0,1,4,6,29, 30, 33,35} andis non-zerofor otherm < 58. This
in factimpliesthatthereis noothersymmetryof orderlessthan58.
With thefirst lemmaof Skolemoneconcludeghatany symmetry
hasorder= m mod 59 with m € {0, 1, 4, 6,29, 30, 33,35}.

However, u®, # 0 mod p* whenm € {29, 30, 33,35}. There-
fore we cannot applythesecondemmain thesecases.

x In Z1g; wefind thezeroes = 66+ 13p+...ands = 139+ 29p +
.... Thecorrespondingxpressionu?, = U,,(r,s) for0 < m <
180 satisfie:?, = 0 mod p onlywhenm € {0, 1,4, 6}. However,
for thesem onefindsthatw,, is nonzeromodulop. Both lemmas
of Skolemcanbe appliedandit follows thatthereis no nontrivial
symmetryexceptatorderé.

Almostintegrable systemsWe computedthe resultantof U,, and U,
fora < n < 10andn +1 < m < n + 150. To give anindication of
the size of the expressionsthe resultantof U;, and U;49 hasdegree556.
In this polynomial,he coeficientsof " with 244 < n < 312 all have over
200(decimal)digits. Thenumberof n'" ordersystemsve have calculateds

n| 4 5 6 7 8 9 10 | 4-10
#2745 2701| 5679| 5644 | 8740| 8839| 11952| 46300

In thepicturesonthenext pageghepositionsof therootsof theseresul-
tantsin the complex planeareplotted. As a fundamentatlomainthe upper
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half unit circle is chosen.Thefull picturesareinvariantunderr — % and
T T.
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FIGURE 3. Zeroesof the G—polynomialscorrespondingo
almostintegrablesystemsf order4, 5 andb6.
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FIGURE 4. Zeroesof the G—polynomialscorrespondingo
almostintegrablesystemsf order7 ands.
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FIGURE 5. Zeroesof the G—polynomialscorrespondingo
almostintegrablesystemsf order9 and10.
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All thesesystemdhave atleastonenontrivial symmetry

Refinemenof the methodof Slolem. To find the exactnumberof sym-
metrieswe madethefollowing refinement®f themethodof Skolem,which
will beexplainedby meansof examples.

Example:n = 4, m = 11. Theresultantof Us(r, s) andUi;(r, s) with
respecto s containghefactor

f(r)=3r®+22r" + 69r° + 1307° + 159r* + 130r* + 69r* + 22r + 3.

With p = 23 we find f(15) = f(17) = 0 mod p, both corresponding
to p-adic zeroes. With 0 < m < 22 onefinds U,,(15,17) = 0 only if
m € {0,1,4,11}. For thesevaluesof m the associated:,, is not zero
modulop. The Skolemlemmasimply thatthe only non-trivial symmetry
hasorderl11.

The factthatthe degreeof f is 8 indicatesthattherearetwo different
4™ ordersystemswith a symmetryof order11. Theamgumentgivensofar,
shaws the lack of othersymmetriedor only oneof them. To prove it for
theothersystemijt sufficesto show that f is irreducibleover Q. Thisis the
caseasfollows, e.g.,from thefactthat f (r) is irreduciblemodulo31.

Example:n = 4, m = 24. Someresultantsaareirreducible,someare
not. The resultantof U,(r, s) andUs4(r, s) with respectto s containsthe
factors

1178 + 6677 + 18375 + 318r° + 379r* + 31872 + 18312 + 661 + 11

for whichwe canuseSkolem’smethodwith prime131(andr = 15,s = 17)
and

1778 + 13877 4+ 42715 + 7987° + 969r* + 79873 + 42712 + 138r + 17

for which we canuse Skolem’s methodwith prime 877 (andr = 10,s =
556).

Example:n = 5, m = 19. Thepolynomial

f(r)= 72 +4r"" +107r'° + 197° + 287 + 3477
+37r% + 347° + 28r* + 197% + 10r> 4 4r + 1

splitsinto distinctlinearfactorsin Zsy|r]. It is irreducibleover Q. Mod-
ulo p = 509, the pair (264, 407) is a zeroof U,,(r, s) mod p whenm &€
{0,1,5,19,256,414}. The pair (267,300) is a zero of Uy, (r,s) mod p
whenm € {0,1,5,19,162,254}. Using both pairswe canapply Skolem’s
first lemmafor all 0 < m < 508 except{0,1, 5,19}, andfor thesere-
maining valueswe could apply the secondemma. This methodis quite
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successfuhere,sincewe could not find ary prime (< 8124) for which the
normalprocedurenorks.

With theseimprovementsof the p-adic methodwe have beenableto
prove

THEOREM 5.11 Take3 < n < 11,n <m < n+ 151 andm # 11,29
whenn = 7. Thenall n" order non-intgyrable B-systemsvith a symmetry
of order m are almostintegrable of depthl.

Counteexampledo Fokasconjectue. Theexceptionalcasein theorem
5.11disprovesa conjecturemadein [Fok87], whereFokassuggestedhat
if a scalarequationpossesseat leastonetime-independenton-Lie point
symmetry thenit possessesifinitely mary. Similarly for n-component
equation®neneeds: symmetries.

Counteexample[vdKS99, vdKSO01]: take n = 7,m = 11,29. The
resultantof U, (r, s) andUy: (r, s) with respecto s aswell astheresultant
of Uz (r, s) andUy(r, s) with respecto s containghefactors

(7'3 +7r2— 1)(7"3 —r— 1)(7‘6 +3r° +5rt + 51 + 5r2 + 3r + 1).

In Z/101Z, the secondfactor hasthe zero20 andthe third one52. These
canbelifted to zeroesn Z,y; andSkolem’slemmascanbeapplied.We do
not have to worry aboutthefirst factorbecauséts degreeis smallerthan4
(indeed t hasazero.; mod 101 = 96).

5.4. Secondorder two dimensionalequations. A classificatiorof in-
tegrablesecondrdertwo dimensionakquationss to befoundin [SWO01].
Part of the analysisis reviewed hereto illustrate the techniquesnvolved.
Supposehat K~ ! is notzeroandtheseconccomponenof K10 is nonzero
aswell. Thisis for examplethe casen

Ut = AU + v?

U = Vg + UV.
A symmetryof sucha systemhastheform

up = by, + - -+

Ut — /Um + “ e
Then(assumingntegrability) thereis the following branch. Thereshould
beinfinitely mary m suchthat

a™+1 a+1 a—1

bz(a+1)m:( ;)5

)™

where
a=(ca’+1)/(a+1)
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Whena # —1, 1, we applythetheoremof LechandMabhlerto seethatthe
ratios

2c 2
(a+1)(a+1) (a+1)(a—1)
arerootsof unity. Thecondition|(a+f)%| = 1 implies

lo(a+1)| = |o® +a + 1],
i.e., R (a(a+1)) = —%. Thecondition
2
| (a+1)(a—1)
implies|a| = |o + 1|, i.e.,Ra = —3. Togethertheseimply @ = —1 F £.
Thena = —1 + 2i. Sinceq is invariantundera — é thesecondoair gives
thesamevaluesfor a. We define
a+1,,., a—1 . am™+1
A(a,m) = ( 92 ) _( 2 ) _((l/—i-l)m

=1

wherea = —1 F i, Itsvalueonly depend®na sinceA(L, m) = A(a, m).
NoticethatA(«, m) = 0 if andonly if
1., Ly o V2., mm
0 = (5) - (—5) - 2(7) €os —
Solvingthis, we obtain
m=2 mod4

or
m = 1.
It followsthatb = ™ F (1 — 7)™ when
a=—1%2i.

Following similar reasoningall possibleeigervaluesand ordersof possi-
ble symmetriesare obtainedfor all possiblecombinations\;, A;. Finally
the implicit functiontheoremis usedto prove integrability of the systems
involved.

6. Conclusion

The applicationof numbertheoryin the analysisof integrablesystems
is quite successfubndpromising. It is anotherunexpectedapplicationof
pure mathematicandit illustratesthe needof communicatioramongthe
differentbranche®f mathematicendmathematicaphysics.
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